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Abstract:

In this paper, we will study the numerical solution of seventh order
fuzzy boundary value problems using Differential transformation method
.The approximate solution of the problem is calculated in the form of a
rapid convergent series.. Also, comparison between the obtained results is
made, as well as with the crisp solution, when the[-level equals one.
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1.INTRODUCTION

Fuzzy set theory is a powerful tool for modeling uncertainty and for
processing vague or subjective information in mathematical models,
which has been applied to a wide variety of real problems, for instance,
the golden mean [1], practical systems [2], quantum optics and gravity
[3], medicine [4] and engineering problems.

The concept of fuzzy sets which was originally introduced by Zadeh
[5] led to the definition of the fuzzy number and its implementation in
fuzzy control [6] and approximate reasoning problems [7], [8]. The basic
arithmetic structure for fuzzy numbers was later developed by Mizumoto
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and Tanaka [9], [10], Nahmias [11], Dubois and Prade [12], [13] and
Ralescu [14], all of which observed the fuzzy number as a collection of

a-levels, 0 = a <1, [15].

In this paper, the differential transformation method is applied to
solve the seventh order fuzzy boundary value problems. The given
problem can be transformed into a recurrence relation, using differential
transformation operations, which leads to a series solution. Consider the
following seventh order fuzzy boundary value problem

yP ) = f(x,y(),asx<b
yO(@=4,, i=0,12,3 e e e e e e e e e e e (121D

where A.

11

I = 01,23 and Ej, ] = 0,1,2 are finite fuzzy constants,

also f(x,(x)) is a continuous function on [a, b].

Zhou [16] introduced the differential transformation method to
solve linear and nonlinear initial value problems in electric circuit
analysis. Differential transformation method has been used to solve
integral and integro-differential systems, differential algebraic equation,
ordinary differential equation, system of ordinary differential equations,
Lane-Emden type equations arising in astrophysics, Helmholtz equation
[17]. Differential transformation method has been also applied to study
the free vibration analysis of rotating ronprismatic beams , unsteady
rolling motion of spheres equation in inclined tubes [18]. This method
constructs approximate solution in the form of a polynomial and finally
gives a series solution. It is different from the traditional high order
Taylor’s series, as, it requires a long time in calculation and needs
computation of the necessary derivatives of the data functions.
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2. Fuzzy Sets:

In this section, we shall present some basic definitions of fuzzy sets
including the definition of fuzzy numbers and fuzzy functions.

Definition (1), [5]:

Let X be any set of elements. A fuzzy set A is characterized by a
membership

function p 4 X— [0, 1], and may be written as the set of points

A = {(opz ) 1XEX,0 < pg (1) < 13

Definition (2), [19]:

The crisp set of elements that belong to the set A at least to the degree
a is called the weak a -level set (or weak a -cut), and is defined by:

A, ={xeX: u;(x) = a}
while the strong « -level set (or strong « -cut) is defined by:

A ={xeXu;(x) > a}

Definition (3)[19]:

A fuzzy number M Is a convex normalized fuzzy set M Of the real
line R, such that:

1. There exists exactly one x, [JR, withug(x,) = 1 (x, Is called the
mean value of M ).

2. ug(x) Is piecewise continuous
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Now, in applications, the representation a fuzzy number in terms of its
membership function is so difficult to use, therefore two approaches are
given for representing the fuzzy number in terms of its [1-level sets, as in
the following remark:

Remark (1):

A fuzzy number Mmay be uniquely represented in terms of its [I-
level sets, as the following closed intervals of the real line:

M,=m—+Vl—a,m++v1l—a]orM, = [cxm,im]

Where m is the mean value of Mand [J (1[0, 1]. This fuzzy number may
be written as

M, =[M, % ] where M refers to the greatest lower bound of M Land ﬁto
the least upper bound of M,,.

Remark (2):

Similar to the second approach given in remark (1), one can fuzzyfy
any crisp or nonfuzzy function f, by letting:

@) =eaf(x), FG)==f(x) ,x€X 000, 1]
and hence the fuzzy function fin terms of its[J-levels is given by
f. = If.1].

3-Differetial Transformation Method [20]

The differential transformation of the kth derivative of a function
f(X) is defined by
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F(K)=
i[d”f{ﬂil

3.1)

and the inverse differential transformation of F(K) is defined by

flx)=
P 0.0 T € 2 L
(3.2)

In real applications, the function f(x) can be expressed as a finite series
and Eq. (3.2) can be written as:

flx) =
[ 0 N € ) LR
(3.3)

Substituting Eqg. (3.1) into Eq. (3.2), gives

flx) =
Y2 (x—xg)k = [—dKﬂx:'

KU L dxef dy—y

(3.4)

which is the Taylor’s series for f(x) at x = x,. From Eq. (3.1) and Eq.
(3.2) following theorems can be deduced

Theorem 1:

If f(x)=g(x)+h(x),then F(k) = G(k) + H(k), where F,G and H
are the differential

transforms of f, g and h, respectively.
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Theorem 2:

If f(x)=cg(x)then F(k) = cG(k), where ¢ is aconstant

Theorem 3:

If £ =222 then F(k) = 2 Gk +m)

Theorem 4:

If £(x) = g(Oh(), then F(k) = T _ G(ky)H(k — k;), where F, G

and H are the differential transforms of f, g and h, respectively.

Theorem 5:
k
If f(x)=e™ then F(k) ==

Theorem 6:

1, k=n

if f(x)=x",then Eik—n]={0 k+n

Theorem 7:

If f(x)=g:(x) g,(x) .... gn(x) then

kn—i

F(k) = i Z ....i{?l(kleQ(kz—klj....Gn(k—kﬂ_lj
key

ll:'::I"I:—:I.ZIZ!I‘I:'::I"I:—ZZIZ!I

To implement the method, two numerical examples are considered in the
following section.
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4- Numerical Examples

Example( 4.1):

Consider the linear seventh order boundary value problem

J’m(?ﬂ) =xy(x)+e*(x*—2x—6), 0=x <
(4.1)

Subject to the fuzzy boundary conditions

=1, yQ0=0, y20)=-i y<33(0)=—2}

}J'l:]_) - ﬁ, },(l]l:l) =g , },(2](1) - 76 (42)

The exact solution of the problem (4.1) isy(x) = (1 —x)e*.

approximate solution ¥With U-levels:y, (x) JJ[y,¥], (0, 1], Hence, to

find the solution in the lower case of solution y , consider the problem:

Y7 =xy@x)+e* (x> —2x—6), 0=x <

T oo et et et e e
(4.3)

With lower bound of boundary conditions:

yO)ulWi-a,  yO©OLNW1I-a, yPO-V1-a
YO D2V1I—a , yHOWI—a , yD@)0-

evl—a
y@ (1) 1-2e

VL @ e e e e e et e e e e e e e e e e e e (44)

Applying the above theorems, the differential transformation of Eq. (4. 3)
Is obtained as
Y.0
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! 8ky-2)
Y(k+7) == [Tk 60— DYl—k)+ Tk 27
§(k,-1) 6
2 Zﬁizn (k—k,)! _E]
(4.5)

Using Eq. (3.1), the boundary conditions (4.4) can be transformed at
xq =0 as:

—vl-a )

Y0)=1-vi-a ,YQ)=0-Vi-a Y(Q)———— T

3(3)__2 “ Z}'(k)_e Vi- aZkY{(k]——e—xfl af

Z k(k—1)Y((k) =—2e—V1—a
k=0

J

where n is a sufficiently large integer. Using the recurrence relation (4.5)

and the transformed boundary conditions(4.6), the following series
solution up to O(x**) can be obtained as:

yx)=1—-+Vl—a+ —1—*;1—& x? —|—_2_*:;1_':r x3 + Ax* + Bx® + Cx® —

1 1z 1 13
7 g 5 10 11 = =
x" Xt x X X ':ED"'A:]X {69"'5:]-7‘:
240 3760 45360 403200 3991880 3991620 2648640
(4.7)

where the constants A, B and C can be determined, using Eg. (3.1), as:

..(4.6)
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Taking n =13, an algebraic system of linear equations in terms of A, B
and C is obtained. The solution of the Eq. (4.8) yields

A =-0.1250000058927127, B = —0.033333320250896525,C
=—0.006944451794759032.(4.9)

Finally, the series solution can be written as:

yx)=1—-+Vl-a+ %xz + _z_d‘:_a x® — 0.125x* —

2 =l 10

0.0333331:5—0.00694445x5—x—?— x

240 3760 43380 403200

+ (229644 x 107%)x2 + (1.92708 x 107 %)x*3 +
3991680

(4.10)

.'?(-'11

Similarly, for the upper solution y , consider the problem:

?m ()=xy(x)+e*(x*—2x—6), 0=x <
(4.11)

With upper bound of boundary conditions:
yO) UWi—a,  YPOuwi-a, 7P Wi«
YPo) uvi—a, vy uwWi-a , ¥

J—e++v]l—a
v (1)

0

—2Z2e+

(4.12)

Applying the above theorems, the differential transformation of Eq. (4. 3)
Is obtained as
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= k! = &k, —2)
V(k+ 7)== Sk 60— DY Ge—k)+ Tf_ 20—
§(k,-1) 6
2 Zﬁizn (k—k,)! _E]
(4.13)

Using Eq. (3.1), the boundary conditions (4.12) can be transformed at
xq =0 as:

YO UWI—a V() oni-a, Y L= 7@)

2!
e

e R (X V)

Y (K)=0+V1—a, X kY (k)=-e+V1—a,
n k(k—1Y (k) =—-2e+V1—a

where n is a sufficiently large integer. Using the recurrence relation (4.5)
and the transformed boundary conditions(4.6), the following series
solution up to O(x**) can be obtained as:

y(x) = 1+v1—a+_l+zl_a X’ +$x3 + Ax* + Bx® + Cx° —

x7 x2 x° x10 x11 {i"'“l:]xlz 'iﬁ"‘ﬁ'] xt®
E N 5760 N 45360 N 403200 N 39916520 3991620 25648640
(4.15)

where the constants A, B and C can be determined, using Eg. (3.1), as:
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Taking n = 13, an algebraic system of linear equations in terms of A, B
and C is obtained. The solution of the Eq.(4.16) yields

A =-0.1250000058927127, B =— 0.033333320250896525,C = —
0.006944451794759032

Finally, the series solution can be written as:

—1+Vl-a , —2+Vl-a
X

yx)=1++vl—a+ > + . x® —0.125x*
—0.033333x° —
0.00694445x5 — X _ X _®7 ¥ (920644 X
240 3760 45360 403200 2991680
1072)x2 + (1.92708 X 10~2)x 22 +
(4.17)

Combining yand yyields the fuzzy solution of the fuzzy boundary value
problem (4.1) as y,(x) D[Y(x), ¥(x)], D0, 1], x [][0, 1]. In addition, it
is clear that for [J[]1, we get ¥(x) [Jy(x), which is the same as the exact

solution of the related nonfuzzy boundary value problem .The results of
the calculations are given in table(4.1):



JOURNAL OF COLLEGE OF EDUCATION

Table(4.1): the results of example (4.1)

x ¥ v exact solution
0 1 1 1
0.1 0.9875 0.9875 0.9946
0.2 0.9771 0.9771 0.9771
0.3 0.9449 0.9449 0.9449
0.4 0.8950 0.8950 0.8950
0.5 0.8243 0.8243 0.8243
0.6 0.7288 0.7288 0.7288
0.7 0.6041 0.6041 0.6041
0.8 0.4451 0.4451 0.4451
0.9 0.2459 0.2459 0.2459
1 0 0 0

Also, the fuzzy solution yin terms of the lower bound of
solution yand upper bound of solution yand for different(l-

levels (where a[(0, 1]) are presented in Fig.(4.1):

¥y
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mo=l () =7 (y
A0=0.3 x)¥
007 >
Aa=03 ¥
40=07 ¥ (x)

Fig.(4.1) Upper and lower solutions of example (4.1) for
different values of « .

Example 4.2

Consider the following seventh order nonlinear boundary value problem

YO = —e*y2(x), 0= X =1 e e
e (4.18)

subject to the fuzzy boundary conditions

y(0)=1
y(1)

y{ﬂw] =i y@[UJ= j’ }’(EJ(U)= —i

’ ’ S A &
=, y=-et, yEW=e } )

The exact solution of the problem (4.18) is y(x) =e™™.

approximate solution y With [J-levels:y, (x) [J[y,¥], [J0J(0, 1], Hence,

to find the solution in the lower case of solution y , consider the problem:

AR
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E{ﬂ (x)=—e*y?(x), O0=x<

(4.20)

With lower bound of boundary conditions:

yO) UiVl—a,  y® O -IVi-a, y®(0)

IWVi-a, YOO D-W1-a , y)leWi-a, y@
() e Wl-a

Applying the above theorems, the differential transformation of Eq. (4.
20) is obtained as

Y(k+7)

k L
R Yk — kY (k, — k)
- G5 Z Z = e (4.22)

k=0 ky=0

Using Eq. (3.1) the boundary conditions (4.21) can be transformed at
x, = 0as:

YO -1-vI—a, ¥W=--1-Vi-a, r@=--——21-¢%
—1-+1- N
Y(3)= 30 - ,ZKU{FE’*—“P‘L - ... (4.23)
k=0
Zkﬁ((kj=—e‘1—1f1—a:, k(k—DY((K)=e* —1—a
k=0 k=0 /
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where n is a sufficiently large integer. Using the recurrence relation

(4.22) and the transformed boundary conditions(4.23), the following
series solution up to O(x**) can be obtained as:

a4 — a4 — 1-1-a 5  -1-Vi1-a 4
E(x)—l V1 -:x—|—( 1—+V1l—a)x+ X+ X+

_ 7T =] 1d {_ :] 11
X x X 1+484)x
Ax* + Bx° + Cx® — — — — — +
5040 40320 262880 32622200 2991620
1 13
i1z e
(1+240B) x + (Gat2Cx + OE:’CI‘L]
479001600 BR48640

(4.24)

where the constants A, B and C can be determined, using Eq. (3.1), as:

Taking n = 13, an algebraic system of linear equations in terms of A, B
and C is obtained. The solution of the

system yields

A =0.041666667/04765717 , B= —0.008333334180647071 , C =
0.001388889365963449

Finally, the series solution can be written as:

a4 — 4 — 1-1—a 5  -1-Vi-a 5
E(x]—l V1 -:x—|—( 1—+V1l—a)x+ X+ x* +

&

0.0416667x* + 0.0083333x° + 0.00138889x° — ~ —
5040 40320

x° xt

— i (2.50521 X 107%)x** + (2.08768 X 10~%)x** —

362880 3628300

(1.60591 X 10710)x12 + O (x1%)

Similarly, for the upper solution y, consider the problem:

YyY
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With upper bound of boundary conditions:

yO) LIWlI—a ¥V (0 0-WI—a, ¥ () 01vI—a 720) 0-
Wl—«a

, v DeWi—a, P ) p-eWi—a, 7 1) e
Vi—a......(4.28)

Applying the above theorems, the differential transformation of Eq. (4.
27) is obtained as

?(;H?)

Y(k—k j}f(kg ky)
(k+?]r Z Z vt vee e wen rn wen eee e s (429)

Using Eq. (3.1) the boundary conditions (4.28) can be transformed at

YO)UlWl—a ,Y()-IWl—a, Y(z)m““”, Y(3)

=‘1+“',ﬁ I V() =e Tt +vV1—a, TP kV((k)=—&1+
Vi—a,3n k(k—l]Y((k]="‘1+1f1—rx

(4 30)

where n is a sufficiently large integer. Using the recurrence relation

(4.29) and the transformed boundary conditions(4.30), the following
series solution up to O(x**) can be obtained as:

AR
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1+4/1-a —1+v1-
YR =1+VIi—a+(-1+VI—a)x+ — “x2—|— +; =x3 +
Ax* + B+ Cx6— > X X _ -
3040 40320 362880 3628800

Ciedsa)ett | (+2408)2%2 (+20) %42

3991680 479001600 8648640

016 a0 IV
(4.31)

where the constants A, B and C can be determined, using Eg. (3.1), as:

ey o O
A=~4— v(4),B=2_-7(5),c ==

()
.(4.32)

Taking n = 13, an algebraic system of linear equations in terms of A, B
and C is obtained. The solution of the system yields

A =0.04166666704765717 , B= —0.008333334180647071 , C =
0.001388889365963449

Finally, the series solution can be written as:

.}I(X) _1+m+( 1—|—m) 1+*\1 “xg+—1+*\-'1—u <34
0.0416667x* + 0.0083333x° + 0.00138889x° 6_ X __x

3040 40320

x° xte

— —(2.50521 X 107®)x™* + (2.08768 X 107%)x** —

362880 3628300

(1.60591 X 10710)x12 + O (x1%)

Combining yand yyields the fuzzy solution of the fuzzy boundary value
problem (4.1) as y,(x) J[(x), ¥(x)]. «l)(0, 1], x [[0, 1]. In addition, it

is clear that for a[J1, we get ¥(x) [J3(x), which is the same as the exact

Yo
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solution of the related nonfuzzy boundary value problem. The results of
the calculations are given in table(4.2):

Table(4.2): the results of example(4.2)

x ¥ ¥ exact solution
0 1 1 1
0.1 0.8765 0.8765 0.9048
0.2 0.7346 0.7346 0.8187
0.3 0.6789 0.6789 0.7408
0.4 0.5768 0.5768 0.6703
0.5 0.5987 0.5987 0.6065
0.6 0.4964 0.4964 0.5488
0.7 0.4987 0.4987 0.4965
0.8 0.4321 0.4321 0.4493
0.9 0.3987 0.3987 0.4065
1 0 0 0

Also, the fuzzy solution yin terms of the lower bound of
solution yand upper bound of solution yand for different(l-

levels (where a[J(0, 1]) are presented in Fig.(4.2):

i1
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o o ¢ t t
A A A
& . -
O Q /\> 0 T T T 1
)] 0.2 0.4 <> (62 0.8 1

Bo=1 ¥X=¥kK
a=0.3

sa=07 W

A0=03 ¥

e0=07 ¥

Fig.(4.2) Upper and lower solutions of example (4.2) for

different values of a.

xX)y
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