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Abstract  
     The main aim in this paper is to look for a novel action with new properties on                     from the 

                , the Literature are concerned with studying the action of             of two 

representations , one is usual and the other is the dual, while our  interest in this work  is focused on some actions 

on complex Lie group[10] . Let G be a matrix complex     group , and    is representation of     In this study we 

will present and analytic  the  concepts of action of complex     group on               We recall the 

definition of  tensor  product of two representations of     group and construct  the definition of action of      

group on          , then by using the equivalent  relation     (     )    
       between     and 

               , we get a new action :                –                                      The two actions 

are forming smooth  representation of    [ ] [ ]    This  we have new action which called  

                                        denoted by                          which acting on      

    (   ((     )   
 )    (       

 ))    
This        is smooth representation of      The theoretical Justifications are developed and prove supported by 

some concluding  remarks and illustrations. 
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1- Introduction  
A complex Lie group is a finite dimensional analytic 

manifold   together with a group structure on 

    Such that the multiplication         and 

attaching of an inverse              is 

analytic map [4],[6]. 

A matrix Lie group is any subgroup   of    (   ) 
with the following property [7] . If     converges to 

some Matrix   , then      or   is not invertible 

[5].                   introduced the concepts of  

Lie algebra on the space of Linear maps from    
         ,which denoted by     (     ) [1],[3]. 

Also  introduced  the concepts of action on      
      of two representations of            [1]. 

Also the main work here is to give a representation 

of complex Lie group by intertwine  these actions  

(representations)  and to give representation by 

intertwine duel of these actions (representations) and 

Then generalizing them. 

 

2- The TcoA of complex Lie Groups on 

Hom - Space 
In [2- P327],                    introduced the 

concepts of action of             on            

of  Two representations of Lie algebra. 
 

Lemma (2.1) [2]:  
Suppose that            are two representations of 

                action on finite dimensional space    

          respectively . Define an Co-action of     

on     (     ) ,       (    (     )) for 

all             (     )   ( )     ( ) 
 ( )( )    ( ) ( )           (     )  
  
       as equivalence of representations. 

 

Lemma (2.2): 
Put    (   (     )   

 ) (   (   
    

 ))) the                of all Linear 

maps  (   (     )   
 )         (   (   

    
 )   

Define        (   (   (   
  )   

 ) (   (       
 ))) ,  

by   ( )    ( )     (  ( )    ( ))
   

    
 ( )     (  ( )    ( ))

  , 

          for all                              (  
  

    ) 
                                                           (   
     

 )  
                                    

    (   (  
      

 )    (  
     

 ))  

 ( )   ( )      (  ( )    ( ))
     

 (  ( )     (  ( )
  

   ( )
  )( ) 

 

 

 

 

 

 

 

 

 

 

 

 

For all         (     ) 
 ( )   ( )      (  ( )

     ( )
  )    

 (  ( )     (  ( )
  

   ( )
  )( ) 

For all         (     ). 
   Where the arrow that makes the  diagram 1  

commutative   is              of groups   

                ((   (   
  )   

 ) (   (       
 ))). 

Let         (  )    and  

    
      (  

 )                        
The      of complex Lie group    on  

    (   ((     )   
 )    (   

    
 )) 

is given by  a representation    such that   

 ( )   ( )     (  ( )
     ( ))

  )     
(  ( )       ( )

     ( )
  ) , 

For all         
Then the      of complex Lie group    on  

    (   ((     )   
 )    (   

    
 ))  is also given by representation     such 

that   

  ( )    ( )     (  
 ( )     

 ( ))  )    
 (  

 ( )       
 ( )  

   
 ( )  )  

 

Proof of Lemma (2.2): 
  Let       of complex Lie group   on 

   (   (     )   
 )    (       ))  

is 

induced by the representation 

    

  (   (    (        
 )    (   

    
 ))   
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such that  ( )   ́( )     (  ( )
   

  ( ))
  )     (  ( )       ( )

   
  ( )

  )  
For all         Thus      is a representation from  

   to            

 

This arrow makes the diagram 2  commutative . 

 

Remark (2.4): 
Since     (    (        

 )    (   

    
  ))  ((        

 )   ((     )
  

   )  ((     )     ) ((  
    

 )    )  
So we construct an action of   on the          ,  
Let   ( )    (((     )   ) ((  

  
  
 )    ))  , then     forms a representation of     

acting on               

(((     )   ) ((  
    

 )    ))  . 

(  
    

 )     (  
    

 )    
          

   
 (  

    
 )    (  

   ) 
      

  

                                                        

              

                               

 

 

 

  (     )       (      )   
  

                            
 

 ((  
    

 )     (  
    

 )    )

    (  
    

 )    
 (  

    
 ) 

 ((  
    

 )    (  
    

 )   )

    (  
    

 )    
 (  

    
 ) 

 For all                          
                   

      
 

 
  
     

        
→       (     )    (  )  

  (     )    ( 
 )  

 

                     

    

 

                                    
 

   

                                                            (   
  )   (  )   (     )   ( 

 )                                                         

             

 

 
 

         (     )    (  )    (   
                                                                                )  ( 

 ) 
 

           

 

 

               ((     )     (     )   
 ) 

 

 

      

            ((     )    (     )  
 )                                                         

             
 

That     is a representation of     acting on  

  ((     )    (     )  
 )          

where                            are five 

representations of G acting on                         

respectively ,thus : 

 (  )     (  )     (     )    (   
  )     

    (  )   
 (  )  (  )( )    (  )

   (   

  )( )    (  )   ( )     (  )
   (     )( )  

  (  )
      (  ))   (  )

      (  )   

   (  )   (  )
        (  )    

 ( )   ( )   ( )( ( ) )   ( )(   ( )  (  )( )  

  ( )(     )( )    ( )  ( )    ( )(   

  )( )   
 ( )(   ( )  (  )( )    ( )  ( )(   

  )( )    ( )  ( )  ( )    ( )  ( )(   

  )( )     (  )     (     )     (   

  )  
 (  )   ( )   ( ) 

   is a group homomorphism of     on       ((   
  )    (     )  

 )  
 

                                                                                
                      

     ( )                ( )                  ( )                   ( )    

                                         
                                                                            

 

     ( )                ( )                   ( )                     
 ( )                            

 

                                                                 

 

                                                                                               
                                                                           

 

3- The      of Complex Lie Groups on Tensor 

Product  
        We have been introduced the triple Co-action 

of complex Lie groups by the tensor product of the 

five representations, which are      -complex Lie 

groups on tensor product  
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(
5

W
(W4((

3
W

W2)(
3

W
W1))) and 

constructed this definition.  Depending on what has 

been mentioned above,  is called Triple Co-Action 

of complex Lie groups on tensor product denoted by 

(    -complex Lie groups). 

 

Example (3.1):   

        Let 1:ℝ  GL(2, ) such that 

1

2 2

1 0
( )

1 1
a



 
   

 
, for all a  ℝ, 2:ℝ  

GL(2, ) such that 
2

2 2

1 2
( )

0 1
a



 
   

 
, for all a  

ℝ, 3:ℝ  GL(2, ) such that 

3

2 2

2 0
( )

2 1
a



 
   

 
, for all a  ℝ, 4:ℝ  

GL(2, ) such that 
4

2 2

1 0
( )

1 1
a



 
   

 
, for all a  

ℝ and             5:ℝ  GL(3, ) such that 

5

3 3

1 0 1

( ) 2 1 0

0 1 0

a



 
 

   
 
 

, for all a  ℝ. 

 

The representation  of GL(
5

W
(W4((

3
W

W2)(

 

3
W

W1)))) is: 

:G  GL(
5

W
(W4((

3
W

W2)(

 

3
W

W1))))  GL(M(83), ), such that 

(a) = (((1(a)
3

 (a)
– 1

 2(a)

 

3

 (a)
– 

1
)4(a))

5

 (a)
– 1

) , where    is dual 

representation 

 

0 0 1

1 0 1 2 1 2 1 2 1 0 1 1
0

1 1 0 2 0 1 0 2 1 1 2 2

1 1
1

2 2

 
 
                                            
 
 
 

 

 

 

2 2

4 4 4 4

3 3

1 0 2 0 1 2 2 4 0 0 1

1 1 2 2 0 1 0 2 1 0 1 1
0

0 0 2 0 0 0 2 4 1 1 2 2

1 10 0 2 2 0 0 0 2 1
2 2



 



 
         
       

                                          
 

 

 

 

2 2

3 3

2 2 4 4 0 0 1

1 2 2 4 1 0 1 1
0

0 0 4 4 1 1 2 2

1 10 0 2 4 1
2 2





 
      
    

                 
    
     

 

 

 

3 3

8 8

2 2 4 4 0 0 0 0

1 2 2 4 0 0 0 0

0 0 4 4 0 0 0 0 0 0 1

0 0 2 4 0 0 0 0 1 1
0

2 2 4 4 2 2 4 4 2 2

1 11 2 2 4 1 2 2 4 1
2 20 0 4 4 0 0 4 4

0 0 2 4 0 0 2 4





  
 

    
   
   
      
      
   

      
   
 
 
 

 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 4 4 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 2 4 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 4 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 4 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 4 4 2 2 4 4

0 0 0 0 0 0 0 0 0 0 0 0 1 2 2 4 1 2 2 4

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 4 0 0 4 4

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2

0 0

0 0

0 0 0 0

0 0 0 0

0 0

 

 

   

   



4 0 0 2 4

1 1 2 2 0 0 0 0 0 0 0 0 0 0 1 1 2 2 0 0 0 0

1 1
1 1 2 0 0 0 0 0 0 0 0 1 1 2 0 0 0 0

2 2

0 0 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 0 0 0 0

0 0 1 2 0 0 0 0 0 0 0 0 0 0 1 2 0 0 0 0

1 1 2 2 1 1 2 2 0 0 0 0 0 0 1 1 2 2 1 1 2 2

1 1 1 1
1 1 2 1 1 2 0 0 0 0 0 0 0 0 1 1 2 1 1 2

2 2 2 2

0 0 2 2 0 0 2 2 0

0 0

0 0 0 0

0 0 0 0

0 0

   

   

   

   

       

       

    0 0 0 0 0 0 0 2 2 0 0 2 2

0 0 1 2 0 0 1 2 0 0 0 0 0 0 1 2 0 0 1 2

1 1 2 2 0 0 0 0 2 2 4 4 0 0 0 0 1 1 2 2 0 0 0 0

1 1
1 1 2 0 0 0 0 1 2 2 4 0 0 1 2 0 0 0 0

2 2

0 0 2 2 0 0 0 0 0 0 4 4 0 0 0 0 0 0 2 2 0 0 0 0

0 0 1 2 0 0 0 0 0 0 2 4 0 0 0 0 0 0 1 0 0 0

1 1 2 2 1 2 2 2 2 4 4 2 2 4 4 1 1 2 2 1 1 2

0 0

0 0 0 0

0 0 1

2 0

1

   

       

     

     

 

 

           2

1 1 3 3 3 3
1 1 2 1 1 2 1 2 2 4 1 2 2 0 3 3 0 0

2 2 2 2 2 2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 6 0 0 3 0 0 3

3 3 3 3
0 0 0 0 0 0 0 0 0 0 0 0 0 3 3 0 3 3 0 0

2 2 2 2 24 24

         



   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Proposition (3.2):   

        Let i:G  GL(  ), 
i

 :G  GL(
i

W
) 

for   = 1,2,3,4,5 and the     -complex Lie groups 

of   on (
5

W
(W4((

3
W

W2)(

 

3
W

W1)))) 

is given by a representation  such that 

(a) = [(1(a) W1 3
W

 
3

 (a
–1

))(2(a) W2 

3
W

 
3

  (a)
–1

) 4(a) W4 5
W

 
5

 (a)
–1

, 

        for all a . 
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Then the     -complex Lie group of G on (
5

W

(W4((
3

W
W2)(

 

3
W

W1)))) is also given 

by a representation *, such that: 
1 1 1

5 5 3 4 3 3 2 2 3 3 1 1
*( ) ( ) W W ( ( ) ( ( ) W W ( ) ( ) W W ( )))a a a a a a a                 

, 

for all a  G. 

 

Proof:   Let     -complex Lie group G on (
5

W

(W4((
3

W
W2) (

3
W

W1)))) is induced by 

the representation :G  GL((
5

W
(W4 

((
3

W
W2)(

 

3
W

W1)))) such that 

(a) = (((1(a) W1 3
W

 3(a
–1

))(2(a) W2 

3
W

 3(a)
–1

) 4(a) W4 5
W

 5(a)
–1

), 

for all aG, 
3 1

W W  W3W1, 3  

(W3,(W2W1)), 4  W5W4. 

To show that *:G  GL(
5

W
(W4((

3
W

W2) (
3

W
W1))))* is a representation, such that 

*(a) = (((
5

 (a)
–1 W5 4

W
 (

4

 (a) (
3

 (a)
–

1 W3 2
W

 
2

 (a)
3

 (a)
–1  

             W3 1
W

 
1

 (a))) 

 is a representation for all aG and 
4

   (
5

W

W4)*, 
3

  (W3,(W2W1))*,  

2 1
      (W2W1))* since 

1 1 1

5 5 4 4 3 3 2 2 3 3 1 1
*( ) ( ) W W ( ( ) (( ( ) W W ( )) ( ( ) W W ( )))a a a a a a a              

 

For all a  G, 
4 4 5
: W W     and 

*( ) ( ( ))* ( ( ) ( ))*ab ab b a        

*( ) *( )a b  . Thus * is a representation from 

  (* is a group                 ) 
 

 
 

 

 

 

 

 

 

 

 

 

 

     

                                                                                                      

This arrow makes the diagram 7  commutative.                                   

 

 

 
Proposition (3.3):   
        Let    for i = 1, 2, 3, 4, 5 are finite vector 

spaces, 
i

W
 is the dual of vectors Wi, for               i 

= 1, 2, 3, 4, 5 then the following assertions are 

equivalent: 

(1) [(
5

W
(W4((

3
W

W2)(

 

3
W

W1)))]*. 

(2) (((
3

W
W2)* (

3
W

W1)*)
4

W
)*

5
W

). 

(3) (
2

W
W3)(

1
W

W3)

 

4
W

)W5). 

(4) (((
2

W


1
W

)W3)

 

4
W

)W5). 

(5) ((
2

W


1
W

)(
3

W
,K)

 

4
W

)W5). 

(6) ((
2

W


1
W

)W3)  4
W

)(
5

W
,K)). 

(7) ((W1 2W )*
4

W
)( 3W ,K)

 
4

W
))W5). 

(8) [(W5(W4(W3W2)(W3W1))]*** 

      

5 4 3 2 3 1

3 2 3 1 4 5

(W (W (W W ) (W W )) if n is an even number
=

(W W )* (W W )* W ) W if n is an odd number

    


    
 

 

Proof:   

(1)  (2) To show [(
5

W
(W4((

3
W

W2)(

 

3
W

W1))]*   

(((
3

W
W2)*(

 

3
W

W1)*)

 

4
W

)*

 

5
W

). 

Let 4(
5

W
(W4), 3(W4 3

W
), 

21(
3

W
(W2W1)), 4 4 5

(W W ),     

3 3 4 1 2 2 1 1 2 3
(W ,W ), ( )* ((W W ) W )              

 and there exists an intertwining map 

: (
5

W
(W4((

3
W

W2)(

 

3
W

W1))))  

(((
3

W
W2)*(

 

3
W

W1)*)

 

4
W

)*
5

W
, 

such that  

(*(a))(v) = *(a)(v), for all v  
1 2

W W   

and  is an invertible map. 

 

(1)  (3) To show ( 5
W

(W4(( 3
W

W2) 

(2) (

 

3
W

W1)))*  

((
2

W


3
W

)(
1

W


3
W

)
4

W
)W5), since 

(
3

W
,W2)*  (

2 3
W , W 

), (
3

W
,W1)*  

(
1 3

W , W 
),

5 5
W W   and 

3 3
W W  . 

By the same methods, we have the other parts.      

 

Diagram 7. 
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Example (3.4):   
        Let i, i = 1,2,3,4, i:S

1
  SO(2)  

GL(2, ) and 5:S
1
  O(3)  GL(3, ), where G 

= S
1
, (n = 2, m = 3) and     i = 1,2,3,4 are the  -

vector spaces of dimensional 2 and W5 is the  -

vector space of dimensional 3 such that, 

iθ iθ iθ iθ

1 2 3 4

cosθ sinθ
(e ) (e ) (e ) (e )

sinθ cosθ

 
      

 

, 02, i
2
=–1, 

iθ

5

1 0 0

(e ) 0 cosθ sinθ

0 sinθ cosθ

 
 

   
 
 

, 0 

   2. The     -complex Lie group G on (
5

W

(W4((
3

W
W2)(

 

3
W

W1))) is a representation: 

: S
1
  GL(

5
W

(W4((
3

W
W2)(

 

3
W

W1))) such that 

 

2 1

1 1 1

5 5 4 4 3 3 2 3 3 1
*( ) ( ( ) W W ( ( ) (( ( ) W W ( ) ( ( ) W W ( ))a a a a a a a                

 

4

iθ iθ iθ iθ iθ iθ iθ

5 3 2 3 1
*(e ) (e ) ( (e ) (( (e ) (e )) ( (e ) (e ))              

 

1 0 0
cosθ sinθ cosθ sin θ cosθ sin θ

0 cosθ sinθ
sinθ cosθ sin θ cosθ sin θ cosθ

0 sinθ cosθ

cosθ sinθ cosθ sin θ

sinθ cosθ sin θ cosθ

 
         

                    
 

     
    

    
 

 

2 2

2 2

2 2

2 2

6 6

2 2

cosθ 0 0 sin θ 0 0

0 cos θ sin θcosθ 0 sin θcosθ sin θ

0 sinθcosθ cos θ 0 sin θ sin θcosθ

sinθ 0 0 cosθ 0 0

0 sinθcosθ sin θ 0 cos θ sin θcosθ

0 sin θ sin θcosθ 0 sin θcosθ cos θ

cos θ sin θcosθ sin θcosθ sin θ

sin



 
 

  
  

  
 
  
  
 

 

 2 2

2 2

2 2

4 4

θcosθ cos θ sin θ sin θcosθ

sinθcosθ sin θ cos θ sin θcosθ

sin θ sin θcosθ sin θcosθ cos θ


  
  

   
  
  

   
 

 

 

 

 

 

2 2

2 2

2 2

2 2

4 4

cos θ sinθcosθ sinθcosθ sin θ

sinθcosθ cos θ sin θ sinθcosθ

sinθcosθ sin θ cos θ sinθcosθ

sin θ sinθcosθ sinθcosθ cos θ


  
 

   
 
 

    

 

 

2 2

2 2

2 2

2 2

6 6

2 2

cosθ 0 0 sin θ 0 0

0 cos θ sin θcosθ 0 sin θcosθ sin θ

0 sinθcosθ cos θ 0 sin θ sin θcosθ

sinθ 0 0 cosθ 0 0

0 sinθcosθ sin θ 0 cos θ sin θcosθ

0 sin θ sin θcosθ 0 sin θcosθ cos θ

2cos θ 2sin θcosθ 2sin θcosθ 2sin θ



 
 

 
 
  

  
 
  
  
 

 
2 2

2 2

2 2

4 4

2sinθcosθ 2cos θ 2sin θ 2sin θcosθ

2sinθcosθ 2sin θ 2cos θ 2sin θcosθ

2sin θ 2sin θcosθ 2sin θcosθ 2cos θ


 
 
  
 
 

  

 

 
3 2 2 2

4 3 3 2 2 3 2 2 2 2 3

3 4 2 2 3 2 2 3

2 cos θ 0 0 2 cos θ sin θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0

0 2 cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2 cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2s

 

   

   3 2 2

2 3 2 2

2 2 2 4 3 2 2 3 3 2 2

2 2 3 3 4 3

in θ cos θ 2sin θ cos θ

2 sin θ cos θ 0 0 2 cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2 cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2 cos θ 0 2sin θ cos



   

2 2 2 2 3

2 2 3 2

3 2 2 2 2 3 4 3 3 2 2

2 2 3 3

θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ cos θ 0 0 2sin θ cos θ 0 0 2 cos θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ c

 

   

   2 2 3 4 2 2 3

2 2 2 3

2 2 3 3 2 2 3 2 2 4 3

3

os θ 2sin θ cos θ 0 2sin θ cos θ 2 cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0 2 cos θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2s in θ cos θ 0 2 cos θ 2sin θ cos θ

0 2 sin θ cos θ

 

 

   

 2 2 2 2 3 2 2 3 3 4

2 2 2 3

3 2 2 2 2 3 2 2 3 3

2 sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2 cos θ

2 sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ c

  

 

     4

2 2 3 3 2 2 3 2 2 4 3

2 2 3 2

2 2 3 3 2 2 3

os θ 2sin θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ 2sin θ cos θ

2 sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2s

   

   4 2 2 3

3 2 2 2 2 3 4 3 3 2 2

2 3 2 2

2 2 3 3 4

in θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ cos θ 0 0 2sin θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ 0 2s







  3 2 2 2 2 3

3 2 2 4 3 2 2 3 3 2 2

3 2 2 2

3 4

in θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ 0 2sin

 

   

 

  2 2 3 2 2 2 3 2 2

4 3 3 2 2 3 2 2 2 2 3

θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ
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bilinear map 

 

 

 
2 2 2 2 3

3 2 2 2 2 3 2 2 3 3 4

2 2 3 3 2 2 3 2

2 sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2sin θ

 

   

     2 4 3

2 2 3 2

2 2 3 3 2 2 3 4 2 2 3

3 2 2 2 2

cos θ 0 2sin θ 2sin θ cos θ

2 sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2sin θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ

   

   

    3 4 3 3 2 2

2 3 2 2

2 2 3 3 4 3 2 2 2 2 3

3 2

cos θ 0 2sin θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ cos θ 0 0 2sin θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ c

   

 

    

2 4 3 2 2 3 3 2 2

3 2 2 2

3 4 2 2 3 2 2 3 3 2

os θ 0 2sin θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ co

    

 

    2

4 3 3 2 2 3 2 2 2 2 3

3 2 2 2

4 3 2 2 2 3 2

s θ

0 2 sin θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

2 cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0

0 2 cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos

   

  

    2 2 2 3

3 4 2 2 3 2 2 3 3 2 2

2 3 2 3

3 2 2 4 3

θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2 cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ cos θ 0 0 2 cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0

0 2 sin θ cos θ 2sin θ cos θ 0 2 cos θ 2sin θ cos θ 0

 

    

  2 2 3 3 2 2

2 2 3 3 4 3 2 2 2 2 2 2

2 2 3 2

3 2 2

2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2 cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ cos θ 0 0 2sin θ cos θ 0 0 2 cos θ 0 0 2sin θ cos θ 0 0

0 2 c sin θ os θ 2sin θ cos θ 0

 



 

 2 2 3 4 3 3 2 2

2 2 3 3 2 2 3 4 2 2 3

2 2 2 3

2 sin θ cos θ 2sin θ cos θ 0 2 cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2 cos θ 0 2sin θ cos θ 2sin θ cos θ

2 sin θ cos θ 0 0 2sin θ cos θ 0 0 2sin θ cos θ 0 0 2 cos θ 0 0

0 2 s

  

   

 

 2 2 3 3 2 2 3 2 2 4 3

3 2 2 2 2 3 2 2 2 3 4

in θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 cos θ 2sin θ cos θ

0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2sin θ cos θ 0 2 sin θ cos θ 2sin θ cos θ 0 2sin θ cos θ 2 cos θ































  

    24 24

















 

Proposition (3. 5):   
        Let i, i = 1,2,3,4,5 be representations of G 

acting on K-finite dimensional vector spaces Wi, i = 

1,2,3,4,5 respectively, then the     -reductive Lie 

group of G on 
K

Hom

(W5,Hom(
4

W
,   ((W3,W2)    (W3,W1))) is 

equivalent to the representation 
5

 (4((
3



2) (
3

 1)))) of G on GL(
5

W

(W4((
3

W
,W2)(

 

3
W

,W1)))).  

 

 

Proof:          To show that: 

:(
5

W
(W4((

3
W

W2)(
3

W
W1))))

 
K

Hom (W5,Hom(
4

W
,   ((W3,W2) 

   (W3,W1))) is bilinear map, defined by 

(
5

W
,w1) = F for all 5w

  W5 and w1  W1, 

 where F: W5  W1 is a linear map defined by F(v) 

= 
5

w
(v)w1, for all 

5
w

, 
'

5 5
w W  , v  W5,                

,   K, w1  W1 

(
5

w
 + 

'

5
w

,w1) = (
5

w
 + 

'

5
w

(v))w1 

                               = 
5

w
(v)w1 + 

'

5
w

(v)w1 

                               = (
5

w
,w1) + (

'

5
w

,w1) 

Other for all w1, 1
w   W1 and 

5 5
w W   

(,w1 + 
1

w ) = (
5

w
(v)( w1 + 

1
w ) 

       

 

                         = 
5

w
(v)(w1) + 

'

5w
(v)( 1

w ) 

                               =  5w
(v)w1 + 

'

5
w

(v) 1
w  

( 5w
,w1 + 

1
w ) = ( 5w

,w1) + ( 5w
,

1
w ). 

So :
5

W
(W4((

3
W

W2)(

 

3
W

W1))))

K
Hom (W5,Hom(

4
W

,   ((W3,W2) 

   (W3,W1))) is a bilinear map, thus by using 

the tensor product and universal property of this 

tensor product, we get a unique linear map . 

 

 

( 5W (W4(( 3W W2)(

 

3W W1))))                                                                       

( 5W(W4(( 3WW2)(

 

3W W1))))    

 

 

 

     
K

Hom

(W5,Hom( 4W
,   ((W3,W2)   (W3,W1))) 

                     Diagram 8. 

So by universal property of tensor product 
5

W

(W4((
3

W
W2) (

3
W

W1)))) there exists a 

unique linear map :
5

W
(W4((

3
W

W2)(
3

W
W1))))

K
Hom (W5,Hom(

4
W

, 

   ((W3,W2)   (W3,W1))). This makes the 

above diagram commutative: 

 

                                                     K 

                         5W
 

 

               W5                                   W1  K  W1 

                Diagram 9. 

Consider the composition of linear maps where 

5W
(v) is defined as follows: 

F(v) = w1, ! k  K, such that w1  (k,w1) since 

all maps are linear and k is unique, put 
5

W
(v) = k 

related to w1. 

Proj. 

         

Linear map 
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Define : 
K

Hom

(W5,Hom(
4

W
,   ((W3,W2)   (W3,W1))) 


5

W
(W4((

3
W

W2) (
3

W
W1))) by 

(F') = 
5

W
 (v)w1. 

Define 
5

W
: W5  K by 

5
W

 (v) = k, where k is 

given by ( F'(v)) = (k, F'(v)) 

We can show that 
5

W
 is linear put F'(v) = w1, for 

all F' 
K

Hom  (W5,Hom(
4

W
,   ((W3, 

W2)   (W3,W1))), w1  W1 and 
5

w
 W5 and is 

related to W1. 

F'(v1 + v2) = F'(v1) + F'(v2) 

                      = k1 + k2 

                      =  5w
(v) +  5w

(v)  , for all 5w
 

 W5 

Where:  
5

w
(v1) = k1    

5
w

 (v1) = k1, 

              

5
w

 (v1 + v2) = (k1 + k2) 

              

5
w

 (v2) = k2    
5

w
 (v2) = k2, 

 

      W5                         W1                         W1K 

 

                                   5w
 

                         

Diagram 10. 

                                                                         

Clear F' is a linear and 
– 1

 = , thus  is linear map. 

Related between the      of reductive Lie groups 

of G on 
K

Hom  (W5,Hom(
4

W
,    ((W3, 

W2)   (W3,W1))) and      of reductive Lie 

groups of G on 
5

W
(W4((

3
W

W2) (
3

W

W1))) up to the representation given above: 
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𝐻𝑜𝑚(𝑤  𝑤 )  𝑤 
   𝑤  

 
 أنواع معينة لفعل زمر لي المركبة

 
 تغريد حر مجيد           احمد خلف راضي 

 قسم الرياضيات / كلية التربية / جامعة المستنصرية
 
 
 
 
 
                                                                                         مستخلص :ال
 𝑆𝑐 𝑢𝑟𝑒 الهدف  الرئٌسً من البحث هو الحصول على فعل بصفات جدٌدة فً زمر لً المركبة  مةن بدٌهٌة         

التً درست وركزت على فعل جبر لً لتمثٌلٌٌن احدهما عادي والأخر ثنائً , والشة  المهةو والممتةي فةً العمةل هةو 
التركٌز على بعض الأفعال لزمرة لً المركب . فً هذة الدراس  قمنا بتحلٌل مفةاهٌو مةن فعةل زمةر لةً المركبة  علةى 

فةةً زمةر لةةً   وركزنةةا علةى فعةةل زمةر لةةً علةةى وتعرٌةةف الضةةرت التنسةوري لتمثةةٌيت اثنتةٌن 𝑯𝒐𝒎  فضةااات 
 , باستخداو التكافؤ                                      𝑯𝒐𝒎 فضااات 

 والضرت التنسوري للحصول على فعل زمر لً المركبة  علةى الضةرت التنسةوري. 𝑯𝒐𝒎بٌن فضااات            
وٌرمةز لهةا  𝑮الفعل هو فعل ثيثةً لزمةر لةً المركبة    . هذا 𝑮  الفعل الثانً هو بصٌغ  تمثٌيت ملساا  للمجموع 

 (على𝑻𝑨𝑪 )فعل زمر لً المركب  
   𝐻𝑜𝑚(𝐻𝑜𝑚((𝑤  𝑤 ) 𝑤 

 ) 𝐻𝑜𝑚(𝑤  𝑤  𝑤
 ))          

, أن النظرٌات المقدم  فً هذا البحث انشات وبرهنت وجهزت ببعض  Gهوتمثٌيت ملساا فً    TACوهذا 
 النتائج كميحظات و رسوو.
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