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Abstract

In this paper , we introduced a new concepts oégrized Ay - sets ( breifly.g.
Ags setflageneralized M sets (breifly. 9.V«
sets ) and study its connection with- (resp. \{s) sets ,we give some results
about that.

Keywords: Agssets , s sets, generalizetie-set , generalizedgy¥ set.
Vgs‘ dalall cile ganall g Ags-a.al.d\ <le gaaall
SN s e YU O a] ) SN
Cilaualy ) and— Ay i) 4184y paiiveal) Aaalall

JEIN dP cﬁ\lﬂ\ u'aa_j‘;k:u'k_ﬁ};ﬁgv - sSIN —&_ﬂ.{:)mj\ CA\AG_)QMJ\ SrPLt

112



1.Introduction

In 1986, Maki [1] continued the work of Levin@]and Dunham [3] on
generalized closed sets and closure operators tgducing the notion of a
generalized\-set in a topological space @Xand by defining an associated closure
operator, i.e. the\-closure operator. He studied the relationship betwthe given
topology T and the topologyr * generated by the family of generalized
sets.Ganster and et.al. [4] introduced the notibpre-A-sets and pre-V-sets and
obtained new topologies defined by these famiiesets . M.E. Abd EI-Monsef,
A.A. El-Atik and M.M. El-Sharkasy [5] are introdugdé¢he notion of bA- sets and b-
V-sets topological spaces and studied some ofrdpguties. Also they proved that
the topology generated by the class of b-opencegiains the topology generated by
the class of pre open (resp. semi-open) sets by tise notions ol\-sets and V-sets.

2. Preliminaries

The concept of a semi-open set in a topologipate was introduced by N.Levine
in 1963 [6].If (X) is a topological space and/AX, then A is semi open if there
exists U7t such that W A /7 CI(U).The complement Aof a semi-open set A,is
called semi-closed and the semi-closure of a sg¢oted by SCI(A),is defined to
be the intersection of all semi-closed sets comgii,SCI(A) is a semi-closed set
[7]and [8].The semi-interior [8] of A, denoted byigA),is defined by the union of
all semi-open sets contained in A. A subset A gt)} said to be generalized semi-
open[9] (written as gs-open) in @X,if F// sint (A)whenever E/A, and F is closed
in (X,1), a subset A is generalized semi- closed (writhsngs-closed) if its
complement Ais gs-open in (%). A generalized class of closed sets was consider
by Maki in 1986 [1].He investigated the sets thah de represented as union of
closed sets and called them V-sets. Complement¥-séts, i.e, sets that are

intersection of open sets are callaesets[1].The family of all generalized semi-

113



open(resp. generalized semi-closed )sets in) (Xill be denoted by GSO(X)
(resp.GSC(%),during our work X and Y(or(X%) and (Yg)) will always denote
topological spaces .No separation axioms are assumnless stated explicitly.

Definition 2.1

Let A be a subset of a spacef)XWe define the subsetg,(A)

and Vs (A)as follows:

Ags(A) =N[U:A 7 U,UJGSO(Xz)] and \{A) = U [F:FJA,F7GSC(X7)]
Definition 2.2

A subset A of a space (},is called Ags—(resp.\is)set if A=Ay(A) (resp. A=
VedA)).-

Lemma 2.3

Let A be subset of a space {X,then the following properties are valid.

(1) A Ag(A)

(2 Ves(A) T (A)

(3) If ALJGSO (Xz), then A=Ags (A)

(4) Ags (A%) = (Vgs (A))°.

(5) Ags UAIT 1)) ={U Ags (Ai)ii 1}

(6) If A JGSC(X,1), then A=\s (A).

(7) If ALB , ThenAgdA) [JAqs(B).

(8)  Ags(AgdA)= AgdA) .

the proof of (1),(2),(3),(4),(5) and (6) in [ 1Qemma 2.3 ]
For prove (7) it is clear by Definition 2.1.

Fore prove (8),first observe that by (1)and (7)hageAg(A) [ Ags (Ag(A)) .
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For the converse inclusion ,leflx\4(A) .Then there exists GGSO (Xz),such that
ALG, xJG.SinceAys ( AgA))= {G: Ag{A) UG, GL/GSO (X1)} .So we have

XUAgs (AgdA)). Thus Ags ( AgdA))= AgdA) .

Remark2.4

By LemmaZ2.3(3)and (6),we have that

(1) 1fAZGSO (Xz), then Ais aAgs—set.
(2) IfA JGC(X,1), then Ais a s -set.
3- The Main Results .

Definition 3.1

A subset A of a space (X) is called generalize sset(briefly g.Agsset) if
Ag(A) L7 Uwhenever AU Uand UJ GSC (X1) .

Definition 3.2

In a space (X7) , a subset A is called a generalized get(briefly g- \{s set)
of (X, 1) if A%is a gAgsset of (Xt).

Proposition 3.3

For a space (%) the following statements hold

1- Every AgsSet is a gAgsSet.

2- Every Vs setis a g. ¥ set.

3- Every union of gAgssets is a ghgsSets.

4- Every intersection of g. ¢ sets is a g. - sets.

Proof : (1) and (2) Follows from Definition (2.2) and fidation (3.1)
To proof (3) let{A:i [/ I}isa g.A 4Sets then by Lemma 2.3 (5)

Ags(U{A; i1 T 1}) =U{ Ags(A) 117 1}, Hence by hypothesis and Definition
(3.1),U{A:i J 1}is g. AgsseEt .
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For prove (4), let{A:i 7 1}isa g.\|ssets then by Definition 2.3 {%A:i [J
| }is

a g.Agssets. Then by(3),we obtain U{*A:i /7 |} is = a g.AgsSetS.Thus by
Definition (3.2),n {A,:1 L/ 1}is g. Vgsset .

Remark 3.4

The intersection of two g\¢ssets is not a g\ -sets as shown by the
following Example .

Example 3.5
Let X={a,b,c}andt={ ®,{a,b}, X}.

The family of all g.A4ssets = {®,X,{a},{b}.{a,b},{a,c},{b,c} } and family of g.
Vs sets ={®,X,{a},{b}.{c}.{a,c},{b,c}}, if A={a,c} and B={b,c }.then Aand B
are g.Ags-sets but AB={c}is not a g.Agsset.

Remark 3.6

The converse of Proposition 3.3 (1) ( resp.(2)astrue as in the following
example .

Example 3.7

Let (X, T ) be the space in Example 3.5, the subset A} {b a g.A4sSet but
it is not a Agsset.

Proposition 3.8

If A'is a generalized semi closed and\gs-set of a space (X,) , then A isAgs
set

Proof : since AL/GSC(X,t ) and gAgsset thenAg(A) /A and by Lemma
2.3 (1),

A [7 Ag{A), hence Ag{A) =A , thus A isSA4sSet.
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Corollary 3.9
By Remark (2.4) and Proposition(3.3),we have: that

(DIf A JGSO(X,t), then Ais a gAgsset

(2)If A JGSC(X,t), then Ais a g. y&set.
Proof:(1) Since AL/GSO(X,t ), then by Remak 2.4(1),A is &gsset .Thus by
Proposition3.3(1),A is a g\gsSet.
To prove (2).by the same method we can prove that.

Proposition 3.10
Let(X,t) be a space and//X, then

(1){x} is a generalized semi open or {Xis a g.AgsSet Of (X,7)
(2){x} is a generalized semi open or {X} is a gs8et of (X,1)

Proof : (1) Suppose that {x} is not generalized senempthen X is the only
generalized semi closed set containing® e have

Ag{{X} ©) L7X holds . This implies {X} is a g.Agss€t Of (X,7) .
(2)Follows from (1) and Definition 3.2.
Proposition 3.11

If A 7B [JAg(A) and A is a gAgsset of a space (X,) , then B is a gAgsset
of (X, 1).

Proof : Since AL/B [JA4{A) then by Lemma 2.3 (7) we have

AgA) JAG(B) L7 Ags (Ag(A)) , then by Lemma 2.3(8),we hag{(A) L/
AgdB) L7 Ag{A).Thus, we gef\(A) = Ay(B) let F be any generalized semi
closed subset of (%,) such that B/F. Since AZ/B and A is a gA4s set. Then
we have Ay(B)= Ag(A) JF

In the following Propositions we give a charactatian of g. yssets (
Definition 3.2) By using y- operations and we obtain results concerning
subsets.
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Proposition 3.12

Subset A of a space (X) is a g. ysset if and only if UZ/vg(A) whenever U
[JA and UJGSO (X,t)

Proof.: Necessity . Let U be a generalized semi open satb¢¥, t ) such that
U JA . Then since Uis generalized semi closed antd AU°, then by
Definition 3.2, Ais a g.Ags set, thus by Definition 3.1A¢(A) 7U°, hence
by Lemma 2.3 (4) (4A))¢ [7U° . thus ULJvgdA)

Sufficiency Le F be a generalized semi closed dulf9gX, t ) such that AJF .
Since Eis generalized semi open and/FA , by assumption we havé E/
Vg{A). Then by Lemma 2.3 (4), §¥A))° = Ag{A°) JJF

thus A'is a g.Ags set, i.e, Ais a g..y— set .
Corollary 3.13

Let A be a 9.y set in a space (X,) , then for every generalized semi closed
set F such that ;fA)U A® JF , F=X holds.

Proof : The assumptiong(A)U A° /7F implies F [7(vg{A))°N A . where Fis
generalized semi open set, since A is a,g.set , then by Proposition 3.12,

we have F/7vg{A) and hence (4A))° JF and

F* [7(VgdA))°N vg{A) = ®. Therefore , we have F = X

Corollary 3.14

Let Abe a g. ¥ setof aspace (X,

Then y4{A) UA®is a generalized semi closed set if and onlyii§ A ysset

Proof : To prove A is a yset. By Corollary 3.13,(A)UA® =X . Thus
(Vg{A))"NA = @ .Therefore , A7 vg{A) and by Lemma 2.3 (2) , we get
Vg(A)=A . Hence A is a y(A) , sufficiency is obvious .
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Proposition 3.15

Let A be a subset of space ), such that y(A) is generalized semi closed , if
X=F holds for every generalized semi closed subseich that \(A)UA® [JF
then A'is a g. ys-set.

Proof: Let U//A where U is generalized semi open.Accordingssuanption
vg{A)U U° is generalized semi closed such that

VgdA)UA® [Jvg{A)UU® , it follows that y(A)UU=X and hence
U Lhg(A) then by proposition 3.12 , A is a g,3et

References

1-  H. Maki, Generalized\-sets and the associated closure operator, Spesis
in Commemoration of prof. Kazusada |keda's Retirgrut 1. (1986),139-146.

2-  N.Levine, Generalized closed sets in topology, Redidc. Mat. Palermo,
19(1970), 89-96.

3-  W. Dunham, A new closure operator for non-T1 togas, kyungpook Math.
J.,22 (1982), 55-60.

4- M. Ganster, S.Jafar and T.Noiri, On pxesets and pr-V-sets, Acta
Math.Hungar., 95 (4) (2003).

5-M.E.Abdel-Monsef,A.A.EL-Atik and M.M.EL-Sharkasspme topologies induced
by b-open sets,Kyungpook Math.J.45(2005),539-547.

6-N.Levine, Semi-open sets and Semi-continuity epotogical spaces, Amer.
Math.Monthly, 70 (1963), 36-41.

7-N.Biswas,On characterization of semi-continuaugcfion, Atti.Accad.Naz.Lincei.
Rend.Cl.Sci.Fis.Mat.Natr.(3)48(1970),399- 402.

8-S.G.Crossely and S.K.Hildebrand, Semi-closureg¥a$ci.(1971), 99-112.

119



9-S.P.Arya and T.Nour, Characterizations of s-néispaces, Indian J. Pure Apple.
Math.21(8) (1990),717-719.

10- Dalal.l.RAg functions and \efunction ,Proceeding of the 17seientific
conference of college of Education . AL-MustansihyJniversity 2011 .

120



