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Abstract 

In this paper, right censored data of type II related to the Gumbel distribution (maximum 

extreme value distribution) of two parameters is considered. Estimation of the distribution 

parameters are presented by two methods: maximum likelihood method and modified moment 

method. Moments properties of the estimators such as bias, variance, skewness and kurtosis are 

compared between two methods. We show that the estimators are unbiased, and its variances 

converge to zero, which the estimators are consistent in modified moment method. Consistency of 

the maximum likelihood and modified moment estimators are tabulated by using mean square error. 

Confidence interval estimation for the distribution parameters based on the maximum likelihood 

method and modified moment method are given by Monte Carlo simulation. 
 

Keywords: Gumbel Distribution, Censored Data, Maximum Likelihood Method, Modified Moment 

Method, Monte Carlo Simulation. 

 

Introduction 

Recently there has been a great deal of 

interest in the use of various types of 

parametric models for the analysis of what is 

variously referred to as lifetime, survival time 

or failure time data that have as end point the 

time until the failure occurs. The major areas 

of application of such models appear in 

medical studies of chronic diseases, in 

industrial life testing, flood frequency analysis, 

reliability analysis in engineering, financial 

risk management, etc. [7][9] 

In survival data investigation, it is quite 

common to find some units have not failed 

when the observation is terminated. There 

failure times are therefore unknown but it is 

known they exceed their survival times 

measured at the end of investigation. Such 

failure times are said to be right censored. This 

censoring mechanism may occur due to the 

need for early termination of the investigation 

or removal of units from use before failure, or 

failure of units may occur because of causes 

unrelated to the application of the operating 

conditions, etc., and where records of survival 

times cannot subsequently be obtained. [7][9] 

Censored data are said to have type I 

censoring, if censored observation occur only 

at specified values of the dependent variables, 

for example, in life testing when all units are 

put on test at the same time, data are collected 

and analyzed at a specific point in time. In this 

type of censoring, the censoring values are 

fixed and the number of censored observation 

is random. [1][2][11]  

Censored data are said to have type II 

censoring, if the number of censored 

observation is specified and their censored 

values are random. A hybrid censoring scheme 

is a mixture of Type-I and Type-II censoring 

schemes. Progressive Type-II hybrid censoring 

is a mixture of progressive Type-II and hybrid 

censoring schemes. [1][2][11]  

Some useful references to life data, model 

representation and associated statistical 

analyses are given by, Balakrishnan et al. 

(2112) [1], discussed in classical framework, 

the point and interval estimation for 

parameters of the extreme value distribution 

based on progressively Type-II censored data. 

Thompson et. al. (2111) [9], introduced a 

distributional hypothesis test for left censored 

Gumbel observations based on the probability 

plot correlation coefficient. Salinas et. al. 

(2112) [6], considered goodness of fit tests for 

the Gumbel distribution with type II right 

censored data. El Sherpieny et. al. (2112) [2], 

considered the estimation for the three 

unknown parameters of the generalized 

extreme value distribution under progressive 
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type-II censored, and obtained the 

corresponding asymptotic variance covariance 

matrix for the parameters and also asymptotic 

confidence intervals for the parameters. Fard 

and Holmquist (2112) [2], investigated several 

procedures for goodness-of-fit of the extreme 

value distribution and the procedures make use 

of recent available accurate approximations of 

the means and variances of order statistics 

from the standardized extreme value 

distribution, and are either modifications in 

estimation techniques of earlier proposed test 

statistics or are newly introduced test statistics 

based on the regression of the order statistics 

on their means. Sheng (2112) [7] has been 
applied order-statistics-based inferences on 

lifetime analysis and financial risk measurement. 
He gives three problems, one of the problems 

which are raised from fitting the Weibull 

distribution to progressively censored and 

accelerated life-test data, and gives a new 

order-statistics-based inference is proposed for 

both parameter and confidence interval 

estimation. Wu et. al. (2112) [11], proposed 

the weighted moments estimators (WMEs) of 

the location and scale parameters for the 

extreme value distribution based on the 

multiply type II censored sample, and its 

compared by using simulation mean squared 

errors (MSEs) of best linear unbiased 

estimator (BLUE) and exact MSEs of WMEs 

to study the behavior of different estimation 

methods, and that the results show the best 

estimator among the WMEs and BLUE under 

different combinations of censoring schemes. 

In this paper, we use maximum likelihood 

method and modified moment method to 

estimate the parameters of Gumbel distribution 

(maximum extreme value distribution) of right 

censored data of type II. We show that the 

estimators are unbiased and its variances 

converge to zero in modified moment method, 

which the estimators are consistent. Finally, 

the confidence interval estimation for the 

parameters distribution based on maximum 

likelihood method and modified moment 

method were found. 
 

Right Censored Data Related to Gumbel 

Distribution of Type II 

Let X1, X 2,..., X n represent the time to 

failures of the n component and let Y1, Y2, …, 

Yn represent their arrangement in ascending 

order of magnitude, then from order statistic 

theory, the joint p.d.f. of r censored data of Y1, 

Y2, …, Yr , (r < n) (Hogg and Graig (1971)) 

[2] is: 

g(y1,y2,...,yr) = 
n!

(n−r)!
∏ f(yi)

r
i=1 [1 − F(yr)]

n−r, 

−∞ < y1 < y2 <…< yr < ∞  .......................... (7) 

 

Consider X has p.d.f. from Gumbel 

distribution is   

f(x) = 
1

𝛽
𝑒

−(
𝑥 −𝛼

𝛽
)
𝑒−𝑒

−(
𝑥 −𝛼

𝛽
)

  .......................... (2) 

−∞ < α < ∞ , β > 1 , −∞ < 𝑥 < ∞  

 

where α is scale parameter and β is shape 

parameter 

and X has c.d.f. is  
 

F(x) = {

1         , 𝑥 → −∞

𝑒−𝑒
−(

𝑥 −𝛼
𝛽

)

, −∞ < 𝑥 < ∞

1       , 𝑥 → ∞

  ............... (2) 

 

Now let Y1 < Y2 < … < Yr is the order statistic 

of a r.v. of size r with p.d.f. and c.d.f. given 

from eqs. (2) and (2). Then using eq. (1), we 

have  

L = h (y1, y2, ..., yr)  

  = 
n!

(n−r)!
 ∏ [

1

𝛽
𝑒

−(
yi – 𝛼

𝛽
)
𝑒−𝑒

−(
yi – 𝛼

𝛽
)

]r
i=1  

     [1 − 𝑒−𝑒
−(

𝑦𝑟 − 𝛼
𝛽

)

]

n−r

 

 =
n!

(n−r)!

1

𝛽𝑟 𝑒
−∑ (

yi – 𝛼

𝛽
)𝑟

𝑖=1  

𝑒−∑ 𝑒
−(

yi − 𝛼

𝛽
)𝑟

𝑖=1 (1 − 𝑒−𝑒
−(

𝑦𝑟 −𝛼
𝛽

)

)

𝑛−𝑟

  ......... (2) 

 

Estimation of parameters for Gumbel 

distribution by Maximum Likelihood 

Method 

We shall use maximum likelihood method 

for estimating the distribution parameters of α 

and β, where the logarithmic likelihood 

equation given by (2) is 

 

ln(L) = ln (
𝑛 !

(𝑛−𝑟) !
) − 𝑟 ln β − ∑ (

yi−𝛼

𝛽
)𝑟

𝑖=1 −

∑ 𝑒
−(

yi – 𝛼 

𝛽
)𝑟

𝑖=1   

+ (n−r) ln (1 − 𝑒−𝑒
−(

𝑦𝑟 – 𝛼
𝛽

)

) 
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f1 = 
𝜕 ln(L)

𝜕α
 = 

𝑟

𝛽
−

1

𝛽
∑ 𝑒

−(
yi− 𝛼

𝛽
)𝑟

𝑖=1  

+
(n−r)𝑒

−(
𝑦𝑟 − 𝛼

𝛽
)
𝑒−𝑒

−(
𝑦𝑟 − 𝛼

𝛽
)

β(1−𝑒−𝑒
−(

𝑦𝑟 − 𝛼
𝛽

)
)

 ........................... (5) 

f2 = 
𝜕 ln(L)

𝜕β
 = 

−𝑟

𝛽
+

1

𝛽
∑ (

yi – 𝛼

𝛽
)𝑟

𝑖=1 −

1

𝛽
∑ (

yi – 𝛼

𝛽
) 𝑒

−(
yi – 𝛼

𝛽
)𝑟

𝑖=1  

+
(
𝑦𝑟 − 𝛼

𝛽
)(n−r)𝑒

−(
𝑦𝑟 − 𝛼

𝛽
)
𝑒−𝑒

−(
𝑦𝑟 − 𝛼

𝛽
)

β (1−𝑒−𝑒
−(

𝑦𝑟 − 𝛼
𝛽

)
)

  ................ (6) 

Setting 
𝜕 ln (L)

𝜕α
 = 

𝜕 ln (L)

𝜕β
 = 1   at  α = α̂,  β = β̂ , 

we have 

𝑟

β̂
−

1

β̂
∑ 𝑒

−(
yi− α̂

β̂
)𝑟

𝑖=1 +
(n−r)𝑒

−(
𝑦𝑟 − α̂

β̂
)
𝑒−𝑒

−(
𝑦𝑟 − α̂

β̂
)

β̂ (1−𝑒−𝑒
−(

𝑦𝑟 − α̂

β̂
)

)

  = 1 

  ................................ (7) 
 

−𝑟

β̂
+

1

β̂
∑ (

yi − α̂

β̂
)𝑟

𝑖=1 −
1

β̂
∑ (

yi − α̂

β̂
) 𝑒

−(
yi − α̂

β̂
)𝑟

𝑖=1 +

(
𝑦𝑟 − α̂

β̂
)

(n−r)𝑒
−(

𝑦𝑟 − α̂

β̂
)
𝑒−𝑒

−(
𝑦𝑟  − α̂

β̂
)

β̂ (1−𝑒−𝑒
−(

𝑦𝑟 − α̂

β̂
)

)

 = 1  ........... (1) 

 

From eq.s (7) and (1), which are non linear 

equations that there are no analytically 

solution can be made for α̂ and β̂. So 

approximation to α̂  and β̂ could be obtained 

by using Newton-Raphson. We could be 

obtained on the second and mixed partial 

derivatives of eq.s (5) and (6) with respect to α 

and β by the observe fisher information matrix 

for maximum likelihood estimation (El 

Sherpieny et. al. (2112)) [2], which is: 

𝐼(𝛼,𝛽)=(α̂, β̂) =

[
 
 
 
 −

𝜕2 ln (L)

𝜕α̂
2

−
𝜕2 ln (L)

𝜕α̂ 𝜕β̂

−
𝜕2 ln (L)

𝜕β̂ 𝜕α̂
−

𝜕2 ln (L)

𝜕β̂
2

]
 
 
 
 

= − [
𝑎 𝑏
𝑏 𝑐

]

= − [
𝑣𝑎𝑟(α̂) 𝑐𝑜𝑣(α̂, β̂)

𝑐𝑜𝑣(α̂, β̂) 𝑣𝑎𝑟(β̂)
] 

where 

a = 
𝜕2 ln(L)

𝜕α̂
2 =

−1

β̂
2
∑ 𝑒

−(
𝑦𝑖 − α̂

β̂
)𝑟

𝑖=1 + 

(n−r)𝑒
−(

𝑦𝑟 − α̂

β̂
 )−𝑒

−(
𝑦𝑟 − α̂

β̂
)

β̂
2
(1−𝑒−𝑒

−(
𝑦𝑟 − α̂

β̂
)

)

2   

[1 − 𝑒
−(

𝑦𝑟−α̂

β̂
)−𝑒

−(
𝑦𝑟−α̂

β̂
)

]  .............................. (9) 

b = 
𝜕2 ln(L)

𝜕α̂ 𝜕β̂
 = 

𝜕2 ln(L)

𝜕β̂ 𝜕α̂
  = 

−𝑟

β̂
2 +

1

β̂
2
∑ 𝑒

−(
𝑦𝑖 – α̂

β̂
)𝑟

𝑖=1 −

1

β̂
2
∑ (

𝑦𝑖 – α̂

β̂
) 𝑒

−(
𝑦𝑖 – α̂

β̂
)𝑟

𝑖=1 +

(n−r)𝑒
−(

𝑦𝑟−α̂

β̂
)−𝑒

−(
𝑦𝑟−α̂

β̂
)

β̂
2
(1−𝑒−𝑒

−(
𝑦𝑟 – α̂

β̂
)

)

2 [(
𝑦𝑟 − α̂

β̂
− 2) −

(
𝑦𝑟− α̂

β̂
) 𝑒

−(
𝑦𝑟 − α̂

β̂
)
− (

𝑦𝑟 − α̂

β̂
− 2) 𝑒−𝑒

−(
𝑦𝑟 − α̂

β̂
)

]    

  ............................... (11) 

 

c = 
𝜕2 ln(L)

𝜕β̂
2  = 

𝑟

β̂
2 −

2

β̂
2
∑ (

𝑦𝑖− α̂

β̂
)𝑟

𝑖=1 +

(2 +
1

β̂
)∑ (

𝑦𝑖− α̂

β̂
2 ) 𝑒

−(
𝑦𝑖− α̂

β̂
)
+𝑟

𝑖=1  

(n−r)(
𝑦𝑟 − α̂ 

β̂
)

β̂
2
(1−𝑒−𝑒

−(
𝑦𝑟 − α̂

β̂
)

)

2  

[(
𝑦𝑟−α̂

β̂
− 2) 𝑒−𝑒

−(
𝑦𝑟 – α̂

β̂
)

𝑒
−(

𝑦𝑟 – α̂

β̂
)
−

(
𝑦𝑟 − α̂

β̂
) 𝑒

−2(
𝑦𝑟 − α̂

β̂
)
𝑒−𝑒

−(
𝑦𝑟− α̂

β̂
)

− (
𝑦𝑟− α̂

β̂
−

2) 𝑒
−(

𝑦𝑟− α̂

β̂
)
𝑒−2𝑒

−(
𝑦𝑟− α̂

β̂
)

]  ............................ (11) 

 

to solve eq.s (7) and (1) by using Newton-

Raphson, let (α̂
(1)

, β̂
(1)

) be given initial 

approximation. If (α̂(s), β̂(s)) is the 

approximation solution of (α̂, β̂) at stage (s), s 

= 1, 2, 2, …..., then the approximation solution 

at stage (s+1) 
 

[
α̂

(s+1)

  

β̂
(s+1)

] = [
α̂

(s)

  

β̂
(s)

] − [
𝑎 𝑏
𝑏 𝑐

]
−1

[
f1

(s)

f2
(s)

] 
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 = [
α̂

(s)

  

β̂
(s)

] − 
1

𝑎𝑐−𝑏2
[

𝑐 −𝑏
−𝑏 𝑎

] [
f1

(s)

f2
(s)

]  ........... (12) 

 

where 𝑎𝑐 − 𝑏2 ≠ 1.  
 

The process is repeated until successive α 

and β estimators agree to a specified tolerance 

on an element by element basis.  

 

Estimation of parameters for Gumbel 

distribution by Modified Moment Method 

We shall use modified moment method for 

estimating the distribution parameters of α and 

β. Let Y1 is the first order statistic of r 

censored data  
 

g1(y1) = n [1− F(𝑦1)]n-1 f(𝑦1) = 
𝑛

𝛽
 (1 −

e−e
−(

y1−α

β
)

)

n−1

e
−(

y1−α

β
)
e−e

−(
y1−α

β
)

  .............. (12) 

 

   −∞ < 𝛼 < ∞ , −∞ < 𝑦1 < ∞ , β > 1 

To find E (Y1), we consider the m. g. f. of Y1 

M𝑌1
(t) = E (𝑒𝑡𝑦1) = ∫ 𝑒𝑡𝑦1 

𝑛

𝛽
(1 −

∞

−∞

𝑒−𝑒
−(

𝑦1−α

β
)

)

𝑛−1

𝑒
−(

𝑦1−𝛼

𝛽
)
 𝑒−𝑒

−(
𝑦1−𝛼

𝛽
)

 𝑑𝑦1 

Let z =  
𝑦1−α

β
 , then β dz = dy1 

M𝑌1
(t) = n ∫ 𝑒𝑡(α+β z)∞

−∞
(1 −

𝑒−𝑒−𝑧
)
𝑛−1

 𝑒−𝑧 𝑒−𝑒−𝑧
 𝑑𝑧   

         = n 𝑒α t ∫ (𝑒−𝑧)−β t∞

−∞
(1 − 𝑒−𝑒−𝑧

)
𝑛−1

  

 𝑒−𝑧 𝑒−𝑒−𝑧
 𝑑𝑧 

Let w = 𝑒−𝑒−𝑧
 and dw = 𝑒−𝑒−𝑧

 𝑒−𝑧 𝑑𝑧 

M𝑌1
(t) = n 𝑒α t ∫  (−ln (𝑤))−β t1

1
 (1 −

𝑤)𝑛−1 𝑑𝑤  

             = n (−1)−β t 𝑒α t ∫  (ln (𝑤))−β t1

1
  

(1 + (−𝑤))𝑛−1 𝑑𝑤 
We know that  

(𝑎 + 𝑏)𝑛 =∑ (𝑛
𝑥
) 𝑏𝑥  𝑎𝑛−𝑥

𝑛

𝑥=1

 , then 

M𝑌1
(t) = n (−1)−β t 𝑒α t ∫  (ln (𝑤))−β t1

1
  

∑ (𝑛−1

𝑥
) (−𝑤)𝑥

𝑛−1

𝑥=1

 𝑑𝑤 

M𝑌1
(t) = n (−1)−β t 𝑒α t ∑ (𝑛−1

𝑥
)(−1)𝑥

𝑛−1

𝑥=1

  

                ∫ (ln (𝑤))−β t1

1
  𝑤𝑥 𝑑𝑤 

          = n (−1)−β t 𝑒α t ∑ (𝑛−1

𝑥
)(−1)𝑥

𝑛−1

𝑥=1

 

∫  (ln (𝑤))( 1−β t  ) −11

1
   𝑤( 𝑥 + 1 ) −1 𝑑𝑤 

 

From Advanced Calculus, we have  
 

 ∫  (ln (𝑤))𝑘 −11

1
   𝑤𝑛 −1 𝑑𝑤 = 

Г(𝑘)

𝑛𝑘 (−1) 𝑘 + 1
 

M𝑌1
(t)= n (−1)−β t 𝑒α t ∑ (𝑛−1

𝑥
)(−1)𝑥

𝑛−1

𝑥=1
 

 
Г(1−β t)

(𝑥+1)( 1−β t )  (−1) (1−β t) + 1 

= n Г(1 − β t) 𝑒α t ∑
(𝑛−1

𝑥 )(−1)𝑥

(𝑥+1)( 1−β t )

𝑛−1

𝑥=1

  

Φ (t) = ln [M𝑌1
(t)] = ln(n) + ln [Г(1 − β t)] + 

α t  

+ ln [∑ (𝑛−1

𝑥
)

𝑛−1

𝑥=1

(−1)𝑥(𝑥 + 1)( β t − 1 )] 

Φ(t)́  = α − β Ψ (1 − β t )  

+ 
∑ (𝑛−1

𝑥 )
𝑛−1

𝑥=1
 (−1)𝑥(𝑥+1)( β t − 1 ) 𝛽 ln (𝑥+1)

∑ (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 (−1)𝑥 (𝑥+1)( β t − 1 )

  

E (Y1) = Φ(1)́  = α − β Ψ (1)  

+
𝛽 ∑ (𝑛−1

𝑥 )
𝑛−1

𝑥=1
 (−1)𝑥 (𝑥+1)(  − 1 ) ln (𝑥+1)

∑ (𝑛−1
𝑥 ) 

𝑛−1

𝑥=1
(−1)𝑥  (𝑥+1)(  − 1 )

  

= α − β Ψ (1)  

+ 
𝛽 ∑  (𝑛−1

𝑥 ) 
𝑛−1

𝑥=1
 
(−1)𝑥

1 + 𝑥
   ln (𝑥+1)

∑  (𝑛−1
𝑥 )  

𝑛−1

𝑥=1

(−1)𝑥

𝑥+1

 

But   ∑  (𝑛−1

𝑥
) 

𝑛−1

𝑥=1

(−1)𝑥

𝑥 + 1
= 

1

n
  

E (Y1) = α –  β Ψ (1)  

+ n β∑ (𝑛−1

𝑥
)

𝑛−1

𝑥=1

 
(−1)𝑥

1 + 𝑥
 ln (𝑥 + 1)  ............ (12) 

 

From Moments method, Smail and Myrtene 

(2115) [1], is 
 

µ = E (X) = α –β Ψ(1) = α + γ β = X̅  ......... (15) 
 

where Ψ(z) = 
𝑑

𝑑𝑧
 ln (Г(𝑧)) is known as 

digamma function and Ψ(1) =−γ = −17577 is 

called Euler’s constant (Rand (1997) [5]).  

Now, we apply the modified moment method 

from eq.s (12) and (15) by setting: 
 

�̂� = α̂ + γ β̂ = X̅  and E (Y1) = Y1  at α = α̂ , β = 

β̂ , we have to :  

α̂ + γ β̂ + n β̂ ∑ (𝑛−1

𝑥
)

𝑛−1

𝑥=1

(−1)𝑥

1 + 𝑥
ln (𝑥 + 1)  
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            = Y1   .............................................. (16) 

α̂ + γ β̂ = X̅  ................................................. (17) 
 

From eq.s (16) and (17), we obtain 
 

β̂ = 
𝑌1− X̅

𝑛 ∑  (𝑛−1
𝑥 ) 

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
  ln (𝑥+1)

  ...................... (11) 

α̂ = X̅ − γ β̂  ................................................ (19) 
 

Now, we will show that the estimators α̂ 

and β̂  are unbiased estimators for α and β 

respectively, and its variances converge to 

zero as follows: 

E (β̂) = E [
𝑌1− X̅

𝑛 ∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
 ln (𝑥+1)

  ]  

          = 
E ( 𝑌1) – E ( X ̅)

𝑛 ∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
 ln (𝑥+1)

   

E (β̂) = 
n β ∑  (𝑛−1

𝑥 )
𝑛−1

𝑥=1
 
(−1)𝑥

1 + 𝑥
ln(𝑥+1)

𝑛 ∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
 ln (𝑥+1)

       

+
α + γ β  – ( α + γ β)

𝑛 ∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
 ln (𝑥+1)

 = β  ................... (21) 

Bias (β̂) = E (β̂) – β = β − β = 1  ............... (21) 

E(β̂
2
)=E [[

𝑌1− X̅

𝑛∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
ln(𝑥+1)

]

2

]  

          = 
E ( 𝑌1

2) – 2 E ( 𝑌1 X ̅)+ E ( X ̅2)

[𝑛 ∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
 ln (𝑥+1)]

2 

 

 

E (β̂2) = 

𝜎2+ (𝛼 + 𝛾 𝛽 + 𝑛 𝛽  ∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
  
(−1)𝑥

1 + 𝑥
  𝑙𝑛 (𝑥+1))

2

– 2 𝐸 ( 𝑌1𝑋 ̅ ) + 
𝜎2

𝑛
 + 𝜇2

[𝑛 ∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
  
(−1)𝑥

𝑥+1
 𝑙𝑛(𝑥+1)]

2  

 

E( 𝑌1 X ̅) = E ( 𝑌1
1

n
∑ Xi

n
i=1 )  

                = 
1

n
E (min (Xi) ∑ Xi

n
i=1 ))  

                = 
1

n
E((Xi

2) + ∑ (XiXj)
𝑛−1
𝑗=1

𝑗≠𝑖

) 

               =
1

n
((𝑣𝑎𝑟(xi) + (E(Xi))

2
 

+∑ E(Xi)E(Xj))
𝑛−1
𝑗=1

𝑗≠𝑖

  

where Xi and Xj are independent 

E(𝑌1 X̅) = 
1

n
(𝜎2 + 𝜇2 + (n − 1)𝜇2)  

              = 
𝜎2

n
+ 𝜇2 

Hence 

 

 

E (β̂2) = 

𝜎2+(α + γ β + n β  ∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

1 + 𝑥
ln(𝑥+1))

2

 – 2 
𝜎2

n
 – 2 𝜇2+ 

𝜎2

𝑛
 + 𝜇2

[𝑛∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
ln(𝑥+1)]

2  

 

   = 

(𝑛−1)

𝑛2
 𝜎2+ 

2

𝑛
 (α + γ β)( β ∑  (𝑛−1

𝑥 )
𝑛−1

𝑥=1
 
(−1)𝑥

1 + 𝑥
 ln (𝑥+1))+( β  ∑  (𝑛−1

𝑥 )
𝑛−1

𝑥=1
 
(−1)𝑥

1 + 𝑥
 ln (𝑥+1))

2

 

[∑  (𝑛−1
𝑥 )

𝑛−1

𝑥=1
 
(−1)𝑥

𝑥+1
 ln (𝑥+1)]

2  

 

lim
𝑛→∞

E (β̂
2
) =  β2

  ...................................... (22) 

 

From eq.s (21) and (22), becomes 
 

Var (β̂) = E (β̂
2
) − [E (β̂) ]

2
≈ β

2 − β
2 = 1  

  ............................... (22) 
 

E (α̂) = E (X̅ − γ β̂) = E (X̅) − γ E (β̂) 

          = α +  γ β − γ β = α  ....................... (22) 

Bias (α̂) = E (α̂) −  α = α − α = 1  ............ (25) 
 

From eq.s (21) and (25), we have  

The estimators α̂ and β̂  are unbiased 

estimators for α and β respectively.  

E (α̂
2
) = E ((X̅  − γ β̂)2)  

    = E (X̅2) − 2 γ E(X̅) E(β̂) + γ2 (E (β̂))2  
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E (α̂
2) =

𝜎2

𝑛
+ 𝜇2 − 2 γ β 𝜇 + γ2β

2
 

=
𝜎2

𝑛
+ (α + γ β)2 − 2γβ(α + γ β) + γ2β

2
 

 = 
𝜎2

𝑛
+ α2 

lim
𝑛→∞

E (α̂
2) =  α2  ....................................... (26) 

 

From eq.s (22) and (26), becomes 

Var (α̂) = E (α̂
2
) − [E (α̂)]2  

 

             ≈ α2 − α2 = 1  ............................... (27) 
 

lim
𝑛→∞

m.s.e. (β̂) = Var (β̂) + (Bias (β̂))
2
 = 1  

  ............................... (21) 

lim
𝑛→∞

m.s.e. (α̂) = Var (α̂) + (Bias (α̂))2 = 1     

  ............................... (29) 
 

we conclusion that the estimators α̂ and β̂ are 

consistent.  

 

Confidence Interval Estimation for the 

Parameters of Gumbel Distribution 

In this section, we shall consider 

confidence interval estimation for the 

parameters α and β based on the maximum 

likelihood method and modified moment 

method.  

If the exact percentiles of the distribution 

of α̂ and β̂ were known, confidence intervals 

with confidence coefficients equal to the 

nominal confidence coefficients 1− λ could be 

found. The two−sides central 111 (1− λ) % 

confidence intervals for α and β based on 

maximum likelihood and modified moment 

estimators would be given by 

(α̂ − 𝑧
(1−

λ

2
)
(
𝜎

𝑛
)

1/2

, α̂ + 𝑧
(1−

λ

2
)
(
𝜎

𝑛
)

1/2

) and (β̂ −

𝑧
(1−

λ

2
)
 (

𝜎

𝑛
)

1/2

, β̂ + 𝑧
(1−

λ

2
)
 (

𝜎

𝑛
)

1/2

) respectively, 

where 𝑧
(1−

λ

2
)
 represents to 111 (1− λ) of 

standard normal distribution Since the exact 

distribution of α̂ and β̂ are unknown, an 

approximate confidence intervals may be 

found using the percentile approximation 

based on the maximum likelihood and 

modified moment estimators. (Hogg and Graig 

(1971)) [2]. 

We take 95 % confidence interval for α̂ 

and β̂ based on maximum likelihood and 

modified moment estimators.  

 

Monte Carlo Results 

In the Monte Carlo simulation, r censored 

observations were taken with  

r = 5(1) 11(2) 21 from the sample n = 21 

and the simulation run size 511 was used. 

Table (1) gives the values of bias, 

variance, mean square error, skewness, 

kurtosis and confidence intervals of the 

modified moment estimators. 

Table (2) gives the values of bias and 

variance of the maximum likelihood 

estimators. The variances are obtained from 

eq.s (9) and (11). 

Table (2) gives the values of mean square 

error and skewness of the maximum likelihood 

estimators. 

Table (2). gives the values of kurtosis and 

confidence intervals of the maximum 

likelihood estimators. 
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Table (7) 

Values of bias, variance, mean square error, skewness, kurtosis and confidence intervals for 

modified moment estimators. 
 

Moments all r failure Moments all r failure 

Bias (α̂) − 1014814 Bias (β̂) 1014464 

Var (α̂) 101.8.1 Var (β̂) 101.044 

M.S.E. (α̂) 101.110 M.S.E. (β̂) 1014074 

Skew (α̂) − 7808.171 Skew (β̂) 417067186 

Kurt (α̂) − 4470044410 Kurt (β̂) − 7716010184 

40 % C. I. (α̂) (− 1014174,−1017418) 40 % C. I. (β̂) (7016814,7077.11) 

 

Table (4) 

Values of bias and variance for maximum likelihood estimators. 
 

r failure Bias (�̂�) Bias (�̂�) 
Var (�̂�) practical 

(theoretical) 
Var (�̂�) practical 

(theoretical) 

0 − 1016141 − 1018014 1014767 (1018444) 1071870 (1011..4) 

8 − 1011718 − 1014648 1011444 (1018114) 1014704 (10188.4) 

1 − 10187.8 − 1014141 1018104 (1010818) 1011874 (1010440) 

6 − 101.704 − 1011144 1010844 (1010144) 1018708 (1010686) 

4 − 1017641 1011614 1010146 (1010147) 1010816 (1010841) 

71 − 1017404 101778. 1014641 (1010861) 1010441 (1010.86) 

74 − 10118.1 1017688 101.404 (1010847) 10144.8 (1014644) 

74 − 1011104 101.710 101.011 (1010178) 101.448 (1014864) 

78 1011.41 101.687 101..48 (1010606) 10146.8 (101401.) 

76 1011001 1014400 101..41 (1018184) 10144.8 (1014041) 

41 1011877 1014441 101.710 (1018.40) 10147.8 (1014060) 

 

Table (.) 

Values of mean square error and skewness for maximum likelihood estimators. 
 

r failure M.S.E. (�̂�) M.S.E. (�̂�) Skew (�̂�) Skew (�̂�) 

0 1014400 10771.6 − 4047184 44010.04 

8 1016444 1014.47 − 71044474 .7041.87 

1 1011746 1011161 − 74014.17 44084100 

6 1010144 1018787 − 7.074814 84084044 

4 10107.7 1010874 − 740.04.1 11004.11 

71 10146.8 101001. − 70046406 61046107 

74 101.48. 1014411 − 780741.4 74701.444 

74 101.011 101..41 − 740060.6 764041744 

78 101..41 1014460 − 7.068414 4.4048164 

76 101..4. 1014871 − 74047060 441084410 
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41 101.714 1014..6 − 7700.11. .840478.1 

 

 

 

Table (4) 

Values of kurtosis and confidence intervals for maximum likelihood estimators. 
 

r failure Kurt (�̂�) Kurt (�̂�) 40 % C. I.  (�̂�) 40 % C. I. (�̂�) 

0 − 40.04.841 − 88047444 
(−1077148,−101808

6) 

(1047144,104064

.) 

8 − .4.016144 − 410.1476 
(−1014714,−10101.

4) 

(1044614,1041..

1) 

1 − 488014464 − 7400.76.0 
(−1016141,−101444

4) 

(104.61.,10414.

4) 

6 − 1.1044711 − 400081.46 
(−1014411,−101747

4) 

(1041401,701771

7) 

4 − 4.408711. − .41061144 
(−101.467,−101170

4) 

(1044181,701400

7) 

71 
−71480.011

6 
− .40044444 

(−1014681,−1011.8
.) 

(10444.4,701466

8) 

74 
−704104144

4 
− 041048467 (−1014144,10116.4) 

(7011.04,701..6

1) 

74 
− 

7440086401 

− 

7168087.14 
(−1017444,1017..1) 

(7017604,701444

1) 

78 
− 

476.074171 

− 

7444084748 
(−1017114,1017114) 

(701484.,701071

1) 

76 
− 

448.040447 

− 

746104170. 
(−1011161,1017414) 

(701.711,701041

4) 

41 
− 

401106...1 

− 

4816014101 
(−1011844,1017444) 

(701.447,701001

4) 

 

Conclusion 

In this paper, we use maximum likelihood 

method and modified moment method to 

estimate the parameters of Gumbel (maximum 

extreme value) distribution of right censored 

data of type II. The bias, variance and mean 

square error are decreasing rapidly as the 

sample size of censored data increase in 

maximum likelihood method. The values of 

the practical variances of maximum likelihood 

estimators are very close to the theoretical 

values given by eq.s (9) and (11), and the 

difference approach to zero, as the confidence 

limits of interval estimation become close to 

the true value of the distribution parameters as 

sample size increase. The skewness is 

increasing in small sample to middle the 

sample, and then decreasing in large sample, 

whereas the kurtosis is increasing faster as 

sample size increase.  

While in modified moment method, the 

estimators and other moments in all sample 

size of censored data increase are same it 

because the sample is no change in order the 

sample of censored data increase according to 

order statistic theory.  

Adding to, we show that the estimators α̂ 

and β̂  are unbiased estimators for α and β 

respectively given by eq.s (21) and (22), and 

its variances converge to zero given by eq.s 

(22) and (27), which the estimators α̂ and β̂ are 

consistent. The estimators and other moments 

in maximum likelihood method are very close 

from modified moment method, but maximum 

likelihood method is the best than modified 

moment method. All this indicate that the 
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estimators distribution approach rapidly to 

normal in two methods.  
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 الخلاصة
في هذا البحث، تم اعتماد البيانات من نوع البيانات 

جهة اليمين من النوع الثاني للتوزيع كمبل ذو المقطوعة من 
المعلمتين )توزيع القيمة المتطرفة العظمى(. قمنا بتقديم 
طريقتين لتخمين معلمات توزيع كمبل وهي: طريقة الترجيح 
الاعظم وطريقة العزوم المعدلة. حيث قمنا بايجاد خواص 

اء العزوم لمخمنات التوزيع مثل التحيز والتباين ومعامل الالتو 
ومعامل التفلطح بهاتين الطريقتين. وقد برهنا انه بطريقة 
العزوم المعدلة تكون المخمنات غير متحيزة وتباينها يقترب 
الى الصفر، اي ان المخمنات هي متناسقة. كما قمنا بجدولة 
تناسق مخمنات الترجيح الاعظم والعزوم المعدلة باستخدام 

لمعلمات التوزيع  مقياس مربع الخطأ. ثم تخمين فترة الثقة
 المطبقة على هاتين الطريقتين المعطاة بمحاكاة مونت كارلو.
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