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ABSTRACT:
Despite increasing demand for the application of three – dimensional extrusion of
various shaped sections through continuous dies, so far little work has been done by general
analytical and numerical analyses to predict the total extrusion pressure for the extrusion of
polygonal sections from round billets through polynomial streamlined dies. For effective die
design, efficient design method and the related method of theoretical analysis are required for
extrusion of complicated sections. A systematic method for the die surface representation
using blending function and trigonometric relationships is proposed in which smooth transitions of
the die contour from the die entrance to the die exit are obtained. The upper bound extrusion pressure
is obtained by derived a general velocity and strain rate felids. The effects of area reduction, the
optimum die length, the shape of streamline function and frictional conditions are also discussed in
relation to the relative extrusion pressure. Another advantage of the present work is that it could

easily be applied to the extrusion of many different shapes just by defining the entry and exit
sections functions and putting them into the general formulations. The results obtained in this
work were compared with the theoretical results of other workers and found to be in highly
compatible. The extrusion process is also simulated using the finite element code, ANSYS
(V 14.0) in order to assist the mathematical solution and to show the stress and strain
distributions for the products when the strain hardening effect taking into the account.
KEYWORDS: Upper bound method; finite element; streamlined dies; extrusion
process.
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ﺍﻟﻨﻤﻮﺫﺝ ﺍﻟﺮﻳﺎﺿﻲ ﻭﺍﻟﻤﺤﺎﻛﺎﺓ ﺍﻟﻌﺪﺩﻳﺔ ﻟﺒﺜﻖ ﺍﻟﻤﻘﺎﻁﻊ ﺍﻟﻤﻀﻠﻌﺔ ﻣﻦ
ﺍﻟﺨﺎﻣﺎﺕ ﺍﻟﺪﺍﺋﺮﻳﺔ ﺧﻼﻝ ﻗﻮﺍﻟﺐ ﺍﻧﺴﻴﺎﺑﻴﺔ ﻣﺘﻌﺪﺩﺓ ﺍﻟﺤﺪﻭﺩ
ﺍﺣﻤﺪ ﻭﻟﻴﺪ ﺣﺴﻴﻦ ﻋﻄﻴﺔ  ،ﻋﺒﺪ ﺍﻟﻜﺮﻳﻢ ﺟﻠﻴﻞ ﻛﺎﻅﻢ /ﺍﻟﻌﺮﺍﻕ -ﺟﺎﻣﻌﺔ ﺑﺎﺑﻞ-ﻛﻠﻴﺔ ﺍﻟﻬﻨﺪﺳﺔ-ﻗﺴﻢ ﺍﻟﻤﻴﻜﺎﻧﻴﻚ

اﻟﺨﻼﺼﺔ
ﻋﻠﻰ اﻟرﻏم ﻤن زﻴﺎدة اﻟطﻠب ﻋﻠﻰ ﺒﺜق اﻟﻤﻘﺎطﻊ اﻟﺜﻼﺜﻴﺔ اﻷﺒﻌﺎد ﺨﻼﻝ اﻟﻘواﻟب اﻻﻨﺴﻴﺎﺒﻴﺔ ،اﻻ ان اﻟﻘﻠﻴﻝ ﻤن
اﻟﺒﺤوث ﺘﻨﺎوﻟت ﺘﺤﻠﻴﻼ ﻨظرﻴﺎ وﻋددﻴﺎ ﻋﺎﻤﺎ ﻹﻴﺠﺎد اﻟﻀﻐط اﻟﻛﻠﻲ ﻟﻌﻤﻠﻴﺔ ﺒﺜق اﻷﺸﻛﺎﻝ اﻟﻤﻀﻠﻌﺔ ﻤن

اﻟﺨﺎﻤﺎت اﻟداﺌرﻴﺔ ﺨﻼﻝ ﻗواﻟب اﻨﺴﻴﺎﺒﻴﺔ ﻤﺘﻌددة اﻟﺤدود .ﻤن اﺠﻝ ﺘﺼﻤﻴم ﻓﻌﺎﻝ ﻟﻘواﻟب ﺒﺜق اﻻﺸﻛﺎﻝ اﻟﻤﻌﻘدة
ﻴﺠب ان ﺘﻛون ﻫﻨﺎﻟك طرﻴﻘﺔ ﻛﻔؤة ﻟﻠﺘﺼﻤﻴم ﺒﻤﺎ ﺘرﺘﺒط ﻓﻴﻬﺎ ﻤن ﻨظرﻴﺎت .ﻓﻲ ﻫذا اﻟﺒﺤث اﺴﺘﺨدﻤت طرﻴﻘﺔ

ﻤﻨﻬﺠﻴﻪ ﻟﺘﻤﺜﻴﻝ ﺴطﺢ اﻟﻘﺎﻟب ﻟﻸﺸﻛﺎﻝ اﻟﻤﻌﻘدة اﺴﺘﻌﻤﻠﻪ ﻓﻴﻬﺎ داﻟﺔ اﺴﺘﻨزاف )  (blending functionﻤﻊ
اﻟدواﻝ اﻟﻤﺜﻠﺜﻴﺔ ﻤن اﺠﻝ ﺘﺤوﻝ ﻛﻔؤ وﺴﻠس ﻟﺴطﺢ اﻟﻘﺎﻟب ﻤن ﻤﻨطﻘﺔ دﺨوﻝ اﻟﺨﺎﻤﺔ وﺤﺘﻰ ﻤﻨطﻘﺔ ﺨروﺠﻬﺎ .
ﺘم اﻴﺠﺎد اﻟﺤد اﻻﻋﻠﻰ ﻟﻀﻐط اﻟﺒﺜق ﻋن طرﻴق اﺸﺘﻘﺎق ﻋﺎم ﻟﺤﻘوﻝ اﻟﺴرﻋﺔ وﻤﻌدﻝ اﻻﻨﻔﻌﺎﻝ .اﻟﻤﻴزة

اﻻﻀﺎﻓﻴﺔ ﻟﻬذا اﻟﺒﺤث ﻫﻲ اﻤﻛﺎﻨﻴﺔ ﺘطﺒﻴق اﻟﺘﺤﻠﻴﻝ اﻟرﻴﺎﻀﻲ ﻋﻠﻰ ﻤﻘﺎطﻊ اﺨرى ﻓﻘط ﺒﺘﻐﻴﻴر اﻟدواﻝ اﻟﺘﻲ
ﺘﻌﺒر ﻋن ﻤﻨطﻘﺔ اﻟدﺨوﻝ واﻟﺨروج ﻤن اﻟﻘﺎﻟب ووﻀﻌﻬﺎ ﺒﺎﻟﺼﻴﻐﺔ اﻟﻌﺎﻤﺔ .ﺘم ﻤﻨﺎﻗﺸﺔ ﺘﺄﺜﻴر ﻤﻘدار اﻟﻨﻘﺼﺎن
ﺒﺎﻟﻤﺴﺎﺤﺔ  ،اﻟطوﻝ اﻟﻤﺜﺎﻟﻲ ﻟﻠﻘﺎﻟب ،ﺸﻛﻝ داﻟﺔ اﻨﺴﻴﺎب اﻟﻘﺎﻟب ،ﺤﺎﻻت اﻻﺤﺘﻛﺎك ﻤﻊ ﻀﻐط اﻟﺒﺜق اﻟﻨﺴﺒﻲ.
اﻴﻀﺎ ﻓﻲ ﻫذا اﻟﺒﺤث ﺘم اﺴﺘﺨدام طرﻴﻘﺔ اﻟﻌﻨﺎﺼر اﻟﻤﺤددة ﻤن ﺨﻼﻝ ﺒرﻨﺎﻤﺞ ) ANSYS (V14ﻤن اﺠﻝ
اﺜﺒﺎت ﺼﺤﺔ اﻟﻤودﻴﻝ اﻟرﻴﺎﻀﻲ وﻛذﻟك ﻟﻠﺤﺼوﻝ ﻋﻠﻰ ﺘوزﻴﻊ اﻻﺠﻬﺎدات واﻻﻨﻔﻌﺎﻻت اﻟﻠدﻨﺔ ﺨﻼﻝ اﻟﺨﺎﻤﺔ

اﻟﻤﺒﺜوﻗﺔ.

1.

NOMENCLATURE:

)f(z

: Streamline function.

J
L
m
r, ,z

: Total powers consume.
: Die length.
: Friction factor.
: Cylindrical co-ordinates systems.
: Billet radius.

R S (θ,z) : Die surface contour.
Vo
: Billet velocity.
V r ,V θ ,V z : Velocity components
W(θ,z) : Angular velocity.
: Relative velocity slip.
R

R

R

R

: Yield stress of the billet material.
: Angle of symmetry.
R
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2. INTRODUCTION :
Extrusion of shaped sections through continuous dies has been increasingly used to
improve the quality of products and raise the productivity. However, the designing of optimal
die shapes depends on the predictions of actual metal flow characteristics within the die
under the given conditions, Blazynski (1989). Recently, analytical methods for predicting the
metal flow during the three-dimensional extrusion of sections have been proposed by the
following main researches that enable us to design extrusion dies, the most other works
coming next built on these main researches. Nagpal and Altan (1975) proposed dual stream
functions to obtain a kinematically admissible velocity field that demonstrated a threedimensional metal flow. Their model, however, was limited to the extrusion of ellipse bar or
rod. Nagpal et al. (1979) presented a computer-aided technique for extrusion of T- section
from round billets. The die was designed by dividing the initial and final cross-sections
into a number of sectors in which the extrusion ratio of these sectors equal to the
overall extrusion ratio. Yang and Lee (1978) used conformal transformation techniques for
the extrusion of generalized sections from similar billets in which the intermediate sections
was transferred into a unit circle. This formulation becomes very complex for the extrusion
of complex sections, also includes redundant work relating to the velocity discontinuities at
the entrance and the exit sections of the die respectively. Kiuchi et al. (1981) introduced a
new concept in the upper-bound analysis of extrusion and drawing of sections through
straight converging dies. They allowed to a velocity discontinuities at entrance and exit
sections of the die respectively. Gunasekara and Hoshino (1985) proposed a purely analytical
work based on an upper-bound theorem for extrusion of polygonal sections from round
billets through curved dies. The geometry of the die was constructed by an envelope of
streamlines between the entry and the exit sections. Yang and Han (1986) proposed their
work for extrusion of a rectangular section from round billet through curved die. The die
surface was constructed analytically by using Fourier series expansion. The Fourier series
was expanded for many terms until the rectangular shape generated. A general kinematically
velocity field was proposed by Abrinia and Bloobar (2000) which becomes automatically
admissible whatever the die geometry is used. A formulation was derived based upon the
upper bound theorem. The die surface was constructed by the same concept that used by
Nagpal et al. (1979) but the entrance and exit sectors were connected using third degree
Bezier curves. The effects of area reductions and friction factors on the extrusion pressure
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were discussed. Ismail (2002) adopted a rational tool design based on the CRHS and CMSR
concept in the designing of the extrusion dies for the extrusion of the polygonal sections.
FEM simulator for the material behavior in the plastic zone was conducted. A criterion based
on total plastic effective strain was proposed by the author to determine the plastic zone and
consequently pressure at which steady-state extrusion occurs. Sahoo and Kar (2003) focused
their research on attempting to find an upper-bound solution for the problems of steady-state
extrusion of polygonal section bars from polygonal billet through the square dies using the
same SERR technique.
It became clear that the streamlined extrusion dies were designed by the following
methods: (i) polynomial equation based dies (ii) area and line mapping technique (iii)
analytical method. The main aims of this work: (1) obtaining an easily and systematic
representation of the dies surfaces, (2) obtaining a 3-D upper bound solution based on
continuous velocity filed to evaluate the extrusion pressure of polygonal sections from round
billets, and (3) Obtaining 3-D elasto-plastic finite element simulations to assist the
mathematical models.

3. KINEMATICALLY

ADMISSIBLE

VELOCITY

AND

STRAIN

RATE

FIELDS:
It is necessary to build the proposed kinematically admissible velocity field using
streamlines concept. Figure (1), shows the general die shape in cylindrical co-ordinate
systems in which the z- direction is coincident with the extrusion axis. The boundary limits
for the die surfaces are given by:

(1)
Throughout this analysis, the following assumptions are employing (Kiuchi et al.
(1981), Gunasekara and Hoshino (1985)):
•

The billet materials are isotropic and homogeneous.
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The billet materials are incompressible and undergo plastic deformation predominantly
and its elastic strain is neglected.

•

The die is assumed rigid body and the effect of temperature between the billet and the
die is neglected i.e. the process is assumed isothermal because practically the extrusion die
is kept cool by circulating water around it.

•

The longitudinal velocity V z , is uniform at each cross-section of the material in the die.

•

The Von-Misses yield criterion is assumed applicable.

•

The rotational velocity component

is expressed as product of two functions

as follows:
(2)
•

Velocity components normal to the die surface should vanish hence,
(3)
The volume constancy in cylindrical co-ordinate system is expressed by the next equation,
(4)

Using Eqs.(2-4) , the following velocity field can be derived:
(5)
(6)
(7)
Where V o is the billet velocity and

is the angle of symmetry for the die.

According to cylindrical co-ordinate systems, the strain rate components are defined as
follows referring to the kinematically admissible velocity field (Kiuchi et al. (1981)):
,

,

,

,
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.

(8)

4. UPPER BOUND SOLUTION:
The upper bound theorem is based on an energy balance such that the internal rate of
dissipation of energy must be less than or equal to the rate at which external forces do work.
According to this theorem, the total power required J is given by (Dieter and Bacon (1988)):
(9)

Where, s i, is the surface at the velocity discontinuity, s j is the surface of friction and

is

the yield stress. The first term of Eq.(9) represents the internal power of deformation and the
second and third terms represent the energy dissipated due to the velocity discontinuities and
frictional resistance respectively.
5. GENERAL

DIE

SHAPE

FOR

THE

EXTRUSION

THROUGH

STREAMLINED DIES:
The difficulty of the analysis of three- dimensional extrusion of sections is due to the
fact that it is not simple to find analytic expression for a complicated die surface and develop
a corresponding theoretical formulation for the complicated material flow bounded by a
three-dimensional surface. In this work, a new approach was used in which a blending
function and trigonometric relationships is attempted. This method has some advantages in
CAD/CAM application of the die manufacturing (Abrinia and Bloobar (2000)). When the
cross sectional shapes of the both entrance and exit sections of the die are given by analytical
functions

and

, then the intermediate sectional contour

that satisfies

the die surface can be obtained by:
(10)
Where

is the streamline function.
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In order to minimize the total power dissipation i.e. Eq.(9), zero slopes and curvature
boundary conditions were applied at the entrance and exit sections of the die respectively. In
this case, the energy dissipated due to the velocity discontinuities will vanish.
The streamline function f(z) can be taken as a polynomial of any order. In this work,
third and five-order polynomial were utilized in order to make a comparison between them.
The boundary conditions using to find the constants of these functions were:
,

,

,

,
and
Hence, the third and fifth order streamline functions are:

(11)

(12-a)

(12-b)
The similarity of the polygonal section was taken into the account in this investigation.
So, first of all, let (a) be the side length of polygon and, θ s be the angle of symmetry of the
polygon, therefore,
(13)
Where N S is the number of sides of the polygon (

).

Figure (2, A) takes a special case when N S equals six (hexagonal section) to evaluate
the governing equations. Assuming that the sector AB is gradually transfers to the vertical
straight line CD when θ change from zero to

. Hence, the equation of the exit straight line

in cylindrical co-ordinate systems is,
(14)
Where

.

Hence, the sectional contour that satisfies the die surface for the extrusion of any
polygonal section have N s sides from round billets i.e. Eq. (3-41), becomes,
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(15)
Figure (2, B) shows the overall surface contour for the extrusion of polygonal section
from round billet produced the numerical application of Eq. (15) in MATLAB 7.11 when the
die dimensions were L=19 mm ,Ro=12.5 mm, RA%= 52% , N s =6, and f(z) from Eq.(12, a).
By substituting of Eq.(15) into the Eqs. (5-7), the following velocity components for
any polygonal section were obtained:
,

(16)

, and

Where,

,

,
,

, and
.
Where

represent the differentiation of the function
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After the velocity components become known, it becomes easily to find the strain rates
components from Eq.(8). The total power of extrusion becomes:
(17)

The area and volume integrals of Eq. (17) were performed using 15-point Gaussian
quadrature integration technique. According to this technique, the last equation becomes,
(18)
Where,

Where n,m and h are the number of sample points and

and

are the

sample points and its weights. The non-dimensional average extrusion pressure can be
written as:
(19)
6. FINITE ELEMENT SUMULATION:
The dimensional accuracy of the cold forged products is strongly dependent on the
elastic characteristics of the die. Most of the finite element models studied by the previous
researchers were simple (rigid- plastic material) and neglected the elastic behavior of the
working material and the strain hardening. So in this study, FEM code, ANSYS (V 14) was
used to simulate the nonlinear extrusion of the considered sections by taking elasto-plastic
material model.
The original billet radius = 12.5 mm, reduction in area = 60 %, the relative die length (L/Ro)
=1 and the friction factor

. The solid billet, die, punch and container were modeled

using Solid186. It can tolerate irregular shapes without as much loss of accuracy also; it has
plasticity, creep, stress stiffening, large deflection, and large strain capabilities (ANSYS
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guide release 14). Contact elements, named CONTA174 and TARGE170, havebeen created
between billet-die, billet-container and billet - punch interfaces. The die, the container and
the

punch

were

made

from

tool

steel,

which

has

isotropic

properties

of

.The billets material used in this simulation were aluminum
alloy which have bilinear isotropic hardening, modulus of elasticity E= 68 GPa, tangent
modulus E t = 0.1 GPa, yield stress σ y = 70.2 MPa and Poisson’s ratio ν = 0.3. Free meshing
was applied to the entire models. The loading were conducted in the form of a prescribed
displacement in which the punch displacement was 20 mm in the z- direction. The entire
meshed models are shown in Fig. (3).
7. RESULTS AND DISCUSSION :
Upper bound and the FE solutions were successfully applied for predication of plastic
deformation work (J) for the extrusion of polygonal sections from round billets through
streamlined dies. Through, in this paper, priority is given to the analysis of the sections
through streamlined die which produces no shear energy at inlet and outlet of the velocity
boundaries, the present method is applicable to analyze other die profiles simply by changing
the profile function f(z). Gunasekera and Hoshino (1985) carried out a purely analytical work
for extrusion of polygonal sections from round billets. polynomial equation based dies was
used in this work in which the die surface constructed by an envelope of curve lines
drawn from points on the perimeter of the circular entry section to the corresponding
points on the square exiting shape. Also, different formulation was used to find the
velocity field in this work. The results given by these authors were compared with the
theoretical results of this paper in order to verify the upper bound solution.
It can be observed from Fig.(4) that the relative extrusion pressure (P avg /σ o ) decreased
with increasing relative die length up to optimal relative die length and then it increased. The
frictional load has always an increasing tend with relative die length, while the deformation
load gradually decreased with increasing relative die length. When f(z) from 3rd degree, the
optimum relative die lengths under the conditions of this figure was 1.5 and the
corresponding optimum relative extrusion pressure equals 2.1. In addition, it can be observed
from this figure that as the degree of streamline function f(z) increased up to 5th degree, the
relative extrusion pressure increased due to the increasing in fluctuations of the die surface
which caused increasing in the deformation power (J 1 ).
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The comparison between the author's results and that obtained by Gunasekera and
Hoshino (1985) at zero hardening condition (E t =0) also shown in Fig.(4). It can be toted that
the average error between the authors solution and that obtained by Gunasekera and Hoshino
(1985) were 2%. This error probably due to the difference in the methods used to solve the
area and volume integrations. This suggests that the analytical method developed by this
study can give quite reasonable results.
The comparison between the upper bound solution FE solution at zero hardening
condition (E t =0) is shown in Fig.(5). It can be noted that there is a good compatible between
the upper bound and FE solutions with average error of about 10%. This error is acceptable
because the FE solution always lower the upper bound solution.
Figure (6) shows the effect of the number of polygon sides (Ns) on the total relative
extrusion pressure. It can be observed that, when the number of sides increased, the relative
extrusion pressure decreased this because as the number of sides increases the product shape
becomes closer to the circular shape in which the rotational velocity value becomes closer to
the zero.
At optimum die length, the effects of area reduction and friction factor on the relative
extrusion pressure are shown in Fig.(7). It can be noted that, when the reduction in area
increased the relative extrusion pressure increased due to the increasing of internal power of
deformation. While, increasing in friction factor causes increasing in relative extrusion
pressure due to the increasing in frictional power.
The Von Misses stress and corresponding plastic strain contours at the end of 110
substep at hardening condition is shown in Fig.(8). In general, the maximum stress and
corresponding plastic strain exist on the billet at the exit region at the billet-die interfaces,
and tend to be a minimum along the centerline of the billet in which the rotational and radial
velocities become zero. Another point can be noted in these figures are smoothly variation in
the stress values from the entrance of the die to its exit; this is the main advantage of the
streamlined die which reduces the cracks of the products and improved its fatigue life.

341

Abdulkareem J.

The Iraqi Journal For Mechanical And Material Engineering, Vol.14, No3, 2014

8. CONCLUSIONS:
The following were the main conclusions that noted throughout this study:
1- The method of analysis presented here not only was capable of computing the upper
bound on load but also was used to determine analytically both the velocity and the strain
rate distributions for the extrusion of polygonal sections.
2- Three-dimensional material flows were obtained analytically for the extrusion of a
polygonal section. The results were improved by the present method due to the elimination of
the internal discontinuities provided.
3- It is concluded that the streamlined extrusion dies designed based on polynomial
streamline function from third degree is superior to the dies designed based on polynomial
equation from fifth degree.
It was saw that when the number of sides of polygon increased, the extrusion pressure
decreased.
4- Comparison with FEM results has shown that the present method as a fast and precise
analytical tool is comparable with the present day FEM commercial software.
5- By using the elasto-plastic material model, it was concluded that the maximum damage
occurs on the billet surface in the exit region of the die.
6-The extrusion through the streamlined die gives little variation in the stresses values from
the die entrance to the die exit; this reduces the cracks in products and improves its fatigue
life.
7- The present method can be extended to obtain the solution of generalized problems of
non-axisymmetric extrusion through converging

dies.
Figure (1) General die shape (Kiuchi et al. (1981)).
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Figure (2) Die surface for extrusion of polygonal section from round billet,

A: Quarter model, B: Overall surface.

Figure (3) Meshed model.

Figure (4) The relative extrusion pressure
against the relative die length.

Figure (5) Comparison between the upper bound
and FE solutions.
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Figure (6) The effect of the number of
polygon sides on relative extrusion pressure.

Figure (7) the effects of the area reduction and
friction factor on relative extrusion pressure.

Figure (8) The von Mises: (A) Stress contour (MPa), (B) plastic strain
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