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Abstract

In this paper, two new algebraic structures are introduced which we call a centrally
semiprime ring and a centrally semiprime right near-ring, and we look for those
conditions which make centrally semiprime rings as commutative rings, so that several
results are proved, also we extend some properties of semiprime rings and semiprime
right near-rings to centrally semiprime rings and centrally semiprime right near-rings.

Introduction
Let R be a ring . A non-empty subset S of R is said to be a
multiplicative system in R if 0gS and a,beS implies abeS (Larsen &

McCarthy,1971). Let S be a multiplicative system in R such that
[S,R]={0}, where [S,R]={][s,r]:s€S,reR} and [s,r] is the commutator
defined by sr—rs. Define a relation (~) on RxS as follows : If
(a,s),(b,t)eRxS, then (a,s)~ (b,t) if and only if there exists xe S such
that x(at—bs)=0. Since [S,R]={0}, it can be shown that (~) is an
equivalence relation on RxS. Let us denote the equivalence class of (a,s)
in RxS by ag, and the set of all equivalence classes determined under this
equivalence relation by Rg, that is, let ag ={(b,t)eRxS:(a,s)~(b,t)}
and Rg :{aS :(a,5) € Rx S}. (the equivalence class ag is also denoted by

2 (Larsen & McCarthy, 1971) or by s™a (Ranicki, 2006), and Rg is also

denoted by S ~*R(Larsen & McCarthy, 1971 ; Ranicki, 2006). We define
addition ~ (+) and multiplication () on Rg as follows:
ag +by =(at +bs)gt and ag.by=(ab)st, for all ag,bf eRg. It can be
shown that these two operations are well-defined and that (Rg ,+,.) forms a
ring which is known as the localization of R at S ,(Fahr, 2002).

158



Journal of Kirkuk University —Scientific Studies , vol.3, N0.1,2008

Next we mention to some basic definitions:
Let R be a ring. Then R is called semiprime, if for ac R, aRa={0}
implies a=0 (Ashraf, 2005), where aRa={ara:r € R}. An additive
mapping D :R — R is called a derivation on R if D(ab)=D(a)b+aD(b),
for all a,beR (Jung & Park, 2006) and a derivation D:R —R is called a
centrally zero derivation if D(S)={0} for each multiplicative system S in
R with [S,R]={0}. By Z(R) is meant the center of R. We say R satisfies
the central commutativity property (CCP)if Rg is commutative for each
multiplicative system S in R with [S,R]={0}. If n is a positive integer
then R is called an n-torsion free, if for xeR, nx=0 implies

x=0(Vukman, 2001). An additive subgroup U of R is called a Lie ideal of
R if [U,R]cU (Ali & Kumar, 2007) and a Lie ideal U of R is called a
centrally closed Lie ideal if US cU for each multiplicative system S in R
with [S,R]={0} (Jabbar, 2007). (Note that by US we mean the set
US ={us:u €U,s e S}). By a right near-ring is meant a non-empty set N
with two operations addition (+) and multiplication (.) such that the
following conditions satisfied, (Pilz, 1983 ; Kandasamy, 2002).

(1): (N,+,.) isagroup (not necessarily abelian). (ii): (N,.) is a semigroup
and (iii): For all a,b,ce N, we have (a+b).c=ac+b.c.

It is necessary to mention that, in a right near-ring N, we have 0a=0,
for all ae N while the identity a0=0, for a N need not satisfied in
general, and the following example shows this fact, which can be found in
(Jabbar, 2007).

Consider the usual addition (+) of integers and define the multiplication
() on Z as follows: ab=a, forall a,beZ, it can be shown that (Z,+,.)
is a right near-ring. Clearly 0.a=0, for all ae R, while 1.0=1=0. A right
near-ring N is called zero-symmetric, if a0=0, for all a< N ( Pilz, 1983 ;
kandasamy, 2002).

Now we mention to the following remarks which can be found in
(Jabbar, 2006).

Let R be a ring and S a multiplicative system in R such that
[S,R]={0}.If seS, then sg is the identity element of Rg and Og is the

zero of Rg, also it is easy to check that sg =t¢, and 0,=0,, forall s,teS.

If abeR, then we have ag+bg=(a+Db)g, and this result can be
generalized to any n elements of R. If ag € Rg, for acR and seS
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then (-a), Is the additive inverse of as in Rg, thatis —ag =(-a)s, and
if ag =0 in Rg, then there exists teS such that ta=0.

Next we mention to the following results , the proofs of which can
found in the indicated references and we will use their statements in driving
our main results.

Lemma 1: (Jabbar, 2006)
Let R be a ring and S a multiplicative system in R such that

[S.RI={0}-
If D:R—>R is a centrally-zero derivation on R, then Ds:Rg — Rg
defined by
Dy (rs) = (D(r))s, for all rs € Rg, is a derivation on Rg.( Note that Dy is

called the induced derivation by D).
Lemma 2: (Jabbar, 2007)
If aring R satisfies (CCP) and Z(R) contains no proper zero divisors

then R is commutative.
Lemma 3: (Q. Deng and M. Ashraf, 1996)

Let R be a semiprime ring. If R admits a mapping F and a derivation
D such that [F(x),D(y)]=[x,y], forall x,y € R, then R is commutative.

Lemma 4: (Hongan, 1997)

Let R be a 2-torsion free semiprime ring and | a nonzero ideal of R. If
D:R — R is aderivation such that D([x, y]) +[X,y]l€Z(R) or
D(x vy —-[x,yle Z(R), forall x,yel,then R is commutative.

Lemma 5: (Jabbar, 2007)
If R is an n—torsion free ring and S is a multiplicative system in R
such that [S,R]={0}, then Rg isalso n—torsion free.

Lemma 6: (Jabbar, 2007)

Let R be aring and S a multiplicative system in R with [S,R]={0}.If
U is a centrally closed Lie ideal of R, then Ug is a Lie ideal of Rg .
Lemma 7: (Herstien, 1969)

Let R be a 2-torsion free semiprime ring. If U is a commutative Lie
ideal of R, then U c Z(R).

Lemma 8: (Jabbar, 2007)
If N is a zero-symmetric right near-ring and S is a multiplicative
system in N with [S,N]={0}, then Ng is also a zero-symmetric right

near-ring.
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Lemma 9: (Jabbar, 2007)

Let N be a zero-symmetric right near-ring and S is a multiplicative
system in N with [S,N]={0}. If D:N — N s a centrally zero derivation
on N, then Ds«:Ng —Ng, defined by D«(ag)=(D(a))s, for all
as € Ng, is a derivation on Ng.(is called the induced derivation by D).
Lemma 10: (Argac, 1997)

Let N be a zero-symmetric semiprime right near-ringand D:N — N is
a derivationon N. If Ac N suchthat 0 A and ANc A,and D actsas a
homomorphism on A or as anti-homomorphism on A, then D(A) ={0}.

Lemma 11: (Jabbar, 2007)
If R is a ring ( resp. a right near-ring), in which Z(R) contains no

proper zero divisors of R, then Z(R) —{0} is a multiplicative system in R
and [Z(R) —{0},R]={C}.
Lemma 12: (Jabbar, 2007)

If R isaring and S is a multiplicative system in R with [S,R]={0},

then (Z(R))g = Z(Rg).

Throughout this paper all rings under consideration are nonzero unless
otherwise stated.

The Main Results:
Before giving the main results of the paper we need to introduce some
new definitions and giving some examples.

Introduced Definitions
1: Let R be aring. We say R is a centrally semiprime ring if Rg is a
semiprime ring for each multiplicative systems S in R with [S,R]={0}.

2: Let N be a zero-symmetric right near-ring. We say N is a centrally
semiprime right near-ring if Ng IS @ semiprime right near-ring for each
multiplicative system S in N with [S,N]={0}.

Next we give two examples, one for a centrally semiprime ring which is

not semiprime and the other, for a centrally semiprime right near-ring
which is not semiprime.
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Examples :
(1): Let R={0,2,4,6}.Then (R,+5,.g) is a ring. It is clear that R is not

semiprime since 4R4={0}, but 4=0. On the other hand if R is not

centrally semiprime then there exists a multiplicative system S in R with
[S,R]={0} for which Rg is not semiprime. But R has no multiplicative

system since the only subsets of R which does not contain 0 are
{2},{4}.{6},{2.4},{2.6},{4.6} and {2,4,6}, and by simple computations
we can see that none of these sets is a multiplicative systemin R, and so R
is a centrally semiprime ring but not semiprime.

(2): LetR ={0,2,4,6,8,10,12,14}, then clearly (R,+,.¢) is a right
near-ring. Since 4R4 ={0}, but 4 = 0, so R is not semiprime. On the other

hand it can be shown that R has no any multiplicative system, thus R is a
centrally semiprime right near-ring but not semiprime.

Now we give two corollaries, which are especial cases of Lemma 3 and
Lemma 4. In fact, if we take F =D in Lemma 3, then one can get:
Corollary 13:

Let R be a semiprime ring. If R admits a derivation D such that
[D(x),D(y)]=[x,y], for all x,yeR,then R is commutative.

Also, by taking | =R in Lemma 4, we can get:
Corollary 14:

Let R be a 2-torsion free semiprime ring. If D:R — R is a derivation
such that
D([x,yD +[x,yle Z(R) or D([x,y])-[x,y]l€Z(R), for all x,yeR, then
R is commutative.

Now it is the time to prove the first result of this paper.
Lemma 15:

If R is a ring which has no proper zero divisors then it is centrally
semiprime.
Proof :

We will show R is centrally semiprime. If R={0}, then it has no any

multiplicative system and thus R is centrally semiprime. So let R={0}. Let
S be any multiplicative system in R such that [S,R]={0}. To show Rg is

a semiprime ring. Let for a eRg we have asRga, ={0}, where aeR and

seS. Since R={0}, so there exists OzreR. Then rgeRg. Hence

aslsag €asRga, which gives agrsa, =0 or (ara)sss =0, and hence
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there exists teS such that t(ara)=0 or tara=0, but R has no proper zero
divisors so t=0 or a=0 or r=0. Since 0¢S and teS so t=0 and r=0(r is
chosen non-zero in R) thus we get a=0, and then ag =0g =0. Hence Rg
IS a semiprime ring, which means that R is a centrally semiprime ring ¢ .

Next we give some conditions which make centrally semiprime rings as
commutative rings.

Theorem 16:
Let R be a centrally semiprime ring in which Z(R) contains no proper

zero divisors of R. If D:R — R is a centrally-zero derivation on R such
that [D(x),D(y)]=[x,y], forall x,yeR, then R is commutative.

Proof:
First to show that R satisfies (CCP). If R does not satisfy (CCP), then

there exists a multiplicative system S’ in R with [S,R]={0} for which
RS' IS not commutative.Let Dy : RS’ — RS’ be the induced derivation of

Lemma 1, on Rg/. Now if ag,by € Rgs are any elements then we have

[Dx(as), D« (br)1=[(D(a))s.(D(b))t]=

(D(2))s (D(b))t — (D(b))t (D(a))s =(D(a)D(b))st — (D(b)D(@))ts =
(D(a)D(b) — D(b)D(a))st = ([D(a),D(0)])st =([a,b])st =(ab—ba)st =
(ab)gt — (ba)ts =aghy —brag =[ag,bt]. (Note that, since [S,R]={0} so
st =ts). Now Rg IS @ semiprime ring and D : Rgr = Rgr is a derivation
on Rg: such that [Dx«(ag),D«(bt)]= [ag,b¢], for all ag,b; € Rgr.Hence
by Corollary 13, Rg Is commutative, which is a contradiction and thus R

must satisfy (CCP), and since Z(R) contains no proper zero divisors of R,
so by Lemma 2, we get R is commutative ¢ .

As a corollary to Theorem 16, we give:
Corollary 17:

If R is a ring which has no proper zero divisors and D:R—R is a
centrally zero derivation on R such that [D(x),D(y)]=[x,y], for all
X,yeR, then R is commutative.

Proof:

Since R has no proper zero divisors so by Lemma 15, we get R is a
centrally semiprime ring and as R has no proper zero divisors, so Z(R)
contains no proper zero divisors of R and thus by Theorem 16, we get that
R is commutative ¢ .
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Theorem 18:
Let R be a 2-torsion free centrally semiprime ring in which Z(R)

contains no proper zero divisors of R and D:R — R be a centrally zero
derivation on R such that D([x,y]D+[x,y]eZ(R), for all x,yeR or

D([x,yD-Ix,yleZ(R), for all x,yeR, then R is commutative.

Proof:
We will show that R satisfies (CCP). If R does not satisfy (CCP) then

there exists a multiplicative system S in R with [S,R]={0} for which Rg

IS not commutative. Since R is 2-torsion free, so by Lemma 5, we have
RS is also a 2-torsion free ring, and since R is centrally semiprime so Rg

is semiprime. Now let D« :Rg — Rg be the induced derivation of Lemma
1,0n Rg, where Dx«(rs) =(D(r))s, forall rs € Rg. We take the first case
when D([x, y]) +[x, y]le Z(R), forall X,y eR. Let ag,bt € Rg, where
a,beRands,teS ,and now

D« ([as, bt 1) + [as. bt 1= D« (ashy —btas) + (ashy —btas) =

Ds«((@b)st — (ba)ts) + ((@b)st — (ba)ts) = D« ((ab —ba)st ) + (ab —ba)gt =
(D(ab —ba))st +([a,b])st =(D([a,b]))st + ([a,b])st =

(D([a,b]) +[a,b])st €(Z(R))g =Z(Rg), (see Lemma 12).

Hence Rg is a 2-torsion free semiprime ring and D« :Rg —Rg is a
derivation on Rg such that D« ([as,bt])+[as.bt]e Z(Rg), for all
ag,by € Rg so by Corollary 14, we get Rg is commutative, which is a

contradiction and hence R must satisfy (CCP). Since Z(R) contains no

proper zero divisors of R, so by Lemma 2, we get R is commutative. If
we take the case when D([x,y])-[x,y]leZ(R), for all x,yeR, then by using

the same technique as in the first case the result is obtained ¢ .

As a corollary to Theorem 18, we give:
Corollary 19:

Let R be a 2-torsion free ring which has no proper zero divisors and
D:R — Ris a centrally zero derivation on R. If either D([x,y])+[X,y]eZ(R),

for all x,yeR or D([x,y])-[x,y]leZ(R), for all x,yeR, thenR is commutative.

Proof:
Since R has no proper zero divisors so by Lemma 15, we get R is
centrally semiprime and since R has no proper zero divisors, so Z(R)
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contains no proper zero divisors of R, and thus by Theorem 18, we get R
IS commutative ¢ .

Finally, we prove two properties one for centrally semiprime rings and
the other for zero-symmetric centrally semiprime right near-rings.
Theorem 20:

Let R be a 2-torsion free centrally semiprime ring in which Z(R) has

no proper zero divisors and U is a commutative centrally closed Lie ideal
of R,then UcZ(R).

Proof:
By Lemma 11, we have S=Z(R)—{0} is a multiplicative system in R

with [S,R]={0}. By Lemma 5, we have Rg is a 2-torsion free semiprime
ring, and by Lemma 6, we get Ug is a Lie ideal of Rg. Since U is
commutative, it can be shown that Ug is also commutative. Hence by
Lemma 7, we get Ug = Z(Rg). To show UcZ(R). Let ueU and reR
be any elements. Then for a fixed seS we have ugeUg and rs eRg.

Now ([u,r])ss =[us,rs]=0, and thus there exists teS such that
tfu,r]=0. Since Z(R) contains no proper zero divisors of R and
0xteScZ(R) so we get [u,r]=0. Hence [U,R]={0}, that means
UcZ(R)e.

Now we give a property of centrally semiprime right near-rings.
Theorem 21:

Let N be a zero-symmetric centrally semiprime right near-ring in which
Z(N) contains no proper zero divisors of N and D:N—N be a centrally-

zero derivation of N and let A be a subset of N such that OcA and
ANCA, if D acts as a homomorphism on A or as anti-homomorphism on
A, then D(A)={0}.
Proof:

By Lemma 11, we have S=Z(N)—{0} is a multiplicative system in N

with [S,N]={0}. Then from Lemma 8, we get that Ng IS a zero-

symmetric right near-ring, and it is also semiprime (since N is centrally
semiprime). Now since D is a cenyrally-zero derivation on N so by
Lemma 9, we get that Ds:Ng —>Ng , which is defined by

D« (ag) =(D(a))s, for all ageNg, is a derivation on Ng. Next, since
OcA so Og € AS , for all seS , that means the zero of NS IS in AS . Also
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since AcN and ANcA so Ag = Ng and then easily can be shown that
AgNg = (AN)g = Ag. To show D, acts as a homomorphism on Ag or
as anti-hnomomorphism on AS . Now if D acts as a homomorphism on A,
then for ag,b; Ag, we have

Dx(ash) = D ((ab)st) = (D(ab))st = (D(a)D(b))st = (D(a))s (D(b)); =
Dx(ag)Dx«(bt), that means D, acts as a homomorphism on Ag and if D

acts as anti-homomorphism on A then by the same technique we can show
D, acts as anti-homomorphism on Ag .Hence we have Ng IS a zero-

symmetric semiprime right near-ring , D, is a derivation on Ng, Ag Is a
subset of N S such that AS contains the zero of N S with A,SNSgA,S and
D, acts as a homomorphism on Ag or as anti-homomorphism on Ag -
Thus by Lemma 10, we get D*(AS):O. To show that D(A)={0}. Let
acA. Since S=#¢ so there exists seS. Hence ageAg SO that
(D(a))SzD*(aS):O. Hence there exists teS such that tD(a)=0, where

teS=Z(N)—{0}. Now if D(a)=0 then t is a proper zero divisor, that
means Z(N) contains a proper zero divisor of N which is a contradiction
and hence D(a)=0, and this result is true for all acA and hence
D(A)={0}e .

As a corollary to Theorem 21, we give:
Corollary 22:

Let N be a zero-symmetric centrally semiprime right near-ring in which
Z(N) has no proper zero divisors and D:N — N is a centrally zero
derivation on N. If D acts as a homomorphism on N or acts as anti-
homomorphism on N then D=0.

Proof:
Put A=N in Theorem 21, the result will follows ¢ .
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