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ABSTRACT
Steady state free convection heat transfer in a two dimensional trapezoidal
enclosure filled with a fluid-saturated porous medium with a square solid body
located at the center of cavity, is performed in this study. The bottom wall of the
cavity was heated with a sinusoidal temperature distribution θ = λ (1 − cos( 2πX )) ,
the inclined walls are insulated (adiabatic) and the top wall is maintained at θ = 0 .
To obtain the effects of the presence of a square body on heat transfer and fluid
flow inside the enclosure, three different temperature boundary conditions were
applied for the body as cold ( θbody=0) , heated (θbody=1) and adiabatic ( ∂θ = 0) at
∂n
different Ra numbers. In this study, the governing equations were solved
numerically using finite element software package (FLEXPDE). Results for the
mean Nusselt number, Num, the contour maps of the streamlines and isotherms are
presented. It is observed that fluid flow and temperature fields strongly depend on
thermal boundary conditions of the body. A comparison of the flow field, isotherm
field and averaged Nusselt number, Num with previous work, which revealed a
good agreement.
Keywords: Steady State, Free Convection, Porous Medium, Trapezoidal
Enclosure.

دراﺳﺔ اﻟﺤﻤﻞ اﻟﺤﺮ داﺧﻞ ﻓﺠﻮة ﻋﻠﻰ ﺷﻜﻞ ﺷﺒﮫ ﻣﻨﺤﺮف ﻣﻤﻠﺆة ﺑﺎﻟﻤﺎدة اﻟﻤﺘﺴﺎﻣﯿﺔ
ﻣﻊ ﺟﺴﻢ ﻣﺮﺑﻊ ﻓﻲ ﻣﺮﻛﺰ اﻟﻐﻼف
اﻟﺨﻼﺻﺔ
ﻟﻘﺪ ﺗﻢ ﻓﻲ ھﺬا اﻟﺒﺤﺚ دراﺳﺔ ﻋﻤﻠﯿﺔ اﻧﺘﻘ ﺎل اﻟﺤ ﺮارة ﺑﺎﻟﺤﻤ ﻞ اﻟﺤ ﺮ ﻟﺤﺎﻟ ﺔ اﻻﺳ ﺘﻘﺮار داﺧ ﻞ ﻏ ﻼف
ﻣﻌﯿﻨﻲ ﺛﻨﺎﺋﻲ اﻷﺑﻌ ﺎد ﻣﻤﻠ ﻮء ﺑﻤ ﺎﺋﻊ ﻣﺸ ﺒﻊ ﻣﺘﺴ ﺎﻣﻲ ﻣ ﻊ ﺟﺴ ﻢ ﺻ ﻠﺐ ﻣﺮﺑ ﻊ اﻟﺸ ﻜﻞ ﻣﻮﺿ ﻮع ﻓ ﻲ ﻣﺮﻛ ﺰ
 اﻟﺠ ﺪار اﻟﺴ ﻔﻠﻲ ﻟﻠﻐ ﻼف ﻣﺴ ﺨﻦ ﺑﺪرﺟ ﺔ ﺣ ﺮارة ﻏﯿ ﺮ ﻣﻨﺘﻈﻤ ﺔ ﻣﺘﻤﺜﻠ ﺔ ﺑﺎﻟﻤﻌﺎدﻟ ﺔ.اﻟﻐ ﻼف
 اﻟﺠﺪران اﻟﻤﺎﺋﻠﺔ ﻣﻌﺰوﻟﺔ اﻣﺎ اﻟﺠ ﺪار اﻟﻌﻠ ﻮي ﻓﻘ ﺪ ﺛﺒ ﺖ ﻋﻨ ﺪ درﺟ ﺔ ﺣ ﺮارة، θ = λ (1 − cos( 2πX ))
 ﻟﻠﺤﺼ ﻮل ﻋﻠ ﻰ ﺗ ﺄﺛﯿﺮ وﺟ ﻮد اﻟﺠﺴ ﻢ اﻟﻤﺮﺑ ﻊ ﻋﻠ ﻰ اﻧﺘﻘ ﺎل اﻟﺤ ﺮارة وﺟﺮﯾ ﺎن اﻟﻤ ﺎﺋﻊ داﺧ ﻞ. θ = 0
 ﺳﺎﺧﻦ وﻣﻌﺰول ﻋﻨﺪ ﻗﯿﻢ ﻣﺨﺘﻠﻔﺔ ﻣﻦ ﻗ ﯿﻢ، ﺑﺎرد، ﺛﻼث ﺷﺮوط ﺣﺪﯾﺔ ﻣﺨﺘﻠﻔﺔ طﺒﻘﺖ ﻋﻠﻰ اﻟﺠﺴﻢ،اﻟﻐﻼف
( ﻟﺤ ﻞ ﻣﻨﻈﻮﻣ ﺔ اﻟﻤﻌ ﺎدﻻتFLEXPDE)  ﻓﻲ ھﺬه اﻟﺪراﺳﺔ اﺳ ﺘﺨﺪﻣﺖ اﻟﺤﻘﯿﺒ ﺔ اﻟﺒﺮﻣﺠﯿ ﺔ. Ra راﯾﻠﻲ
 اﻟﻨﺘ ﺎﺋﺞ ﻣﺜﻠ ﺖ ﻟﻤﻌ ﺪﻻت رﻗ ﻢ ﻧﺴ ﻠﺖ.اﻟﺤﺎﻛﻤﺔ ﻟﻌﻤﻠﯿﺔ اﻧﺘﻘﺎل اﻟﺤ ﺮارة ﻋ ﺪدﯾﺎ ً ﺑﻄﺮﯾﻘ ﺔ اﻟﻌﻨﺎﺻ ﺮ اﻟﻤﺤ ﺪدة
 ﻟ ﻮﺣﻆ ﺑ ﺄن ﻣﺠ ﺎﻻت درﺟ ﺎت اﻟﺤ ﺮارة واﻟﺠﺮﯾ ﺎن ﺗﻌﺘﻤ ﺪ. ﺧﻄ ﻮط اﻟﺠﺮﯾ ﺎن وﺧﻄ ﻮط اﻟﺘﺤ ﺎرر، Num
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 ﻗﻮرﻧ ﺖ اﻟﻨﺘ ﺎﺋﺞ اﻟﻤﺴﺘﺤﺼ ﻠﺔ ﻣ ﻊ ﺑﺤ ﻮث ﺳ ﺎﺑﻘﺔ وأظﮭ ﺮت.ﺑﺸﺪة ﻋﻠﻰ اﻟﺸﺮوط اﻟﺤﺪﯾﺔ اﻟﺤﺮارﯾﺔ ﻟﻠﺠﺴﻢ
.ﺗﻘﺎرب ﺟﯿﺪ
NOMENCLATURE

g: gravitational acceleration, m/s2
H: height of the trapezoidal cavity, m
K: permeability of the porous
medium, m2
L: length of the trapezoidal cavity, m
n : normal direction on a plane
NuL: local Nusselt number
Num: mean Nusselt number
Ra: Rayleigh number
s : length of the heated wall
T: temperature of the fluid porous
medium
u,v :dimensional axial and radial
velocities, m/s
U,V: dimensionless axial and radial
velocities
W: length of square body
x,y : dimensional coordinates, m
X,Y: dimensionless coordinates

Greek symbols
α: thermal diffusivity of porous
media m2/s, α = k
ρC
P

β: thermal expansion coefficient,
K-1
λ: amplitude of the sinusoidal
temperature distribution
θ: dimensionless temperature
υ: kinematic viscosity, m2/s
ψ: stream function, 1/s
Ψ: dimensionless stream function
Subscripts
c: cold
h: hot
L: local
m : mean

INTRODUCTION
he heat and fluid flow in fluid-saturated porous media is an important
problem in engineering and it has gained significant attention over the last
three decades. Applications of porous media can be found in grain storage,
chemical catalytic reactors, geophysical problems, solar collectors, heat
exchangers, etc. Natural convection under different thermal boundary conditions
in a porous media has been extensively studied in the past years. Basak et al.[1],
Sathiyamoorthy et al.[2], studied numerically the natural convection flows in a
square cavity filled with a porous matrix using penalty finite element method for
uniformly and non-uniformly heated bottom wall, and adiabatic top wall
maintaining constant temperature of cold vertical walls. They used Darcy–
Forchheimer model to simulate the momentum transfer in the porous medium. The
numerical procedure is adopted in their study over a wide range of parameters
(Rayleigh number Ra, 103≤ Ra ≤ 106, Darcy number Da, 10-5≤ Da ≤ 10-3 and
Prandtl number Pr, 0.2 ≤ Pr ≤ 100 ). Numerical results are presented in terms of
stream functions, temperature profiles and Nusselt numbers. They found that the
heat transfer is primarily due to conduction for Da ≤ 10-5 irrespective of Ra and Pr.
Natural convection in a rectangular/square enclosure (horizontal or inclined)
filled with a fluid-saturated porous medium under different temperature or heat
flux boundary conditions has been extensively analyzed in earlier studies by Oztop

T
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[3], Varol et al. [4], Zhao et al. [5] and Mansour et al. [6] etc. In most of these
studies, isothermal boundary conditions were applied to the side walls of the
rectangular/square enclosures. Varol et al. [7,8] analyzed steady-state free
convection heat transfer in a right-angle triangular enclosure with different thermal
boundary conditions in a porous media using finite difference technique and Darcy
law to write the equations of porous media. Their study was performed for
different aspect ratios (0.25 ≤ AR ≤1.0) and Rayleigh numbers (100 ≤Ra ≤ 1000).
They observed that heat transfer is increased with the decreasing of aspect ratio and
multiple cells are formed at high Rayleigh numbers. Varol et al. [9] used a finite
difference technique to study the natural convection in porous media for a righttriangular enclosure with a square body located far from the origin with the
distance of 0.3 in both directions. Four different temperature boundary conditions
were applied for the body as heated, cooled, neutral and adiabatic at different Ra
numbers and they observed that fluid flow and temperature fields strongly depend
on thermal boundary conditions of the body. Basak et al. [10] studied numerically
the phenomena of natural convection in an isosceles triangular enclosure filled with
a porous matrix by using a penalty finite element analysis with bi-quadratic
elements for solving the Navier–Stokes and energy balance equations.
The phenomena of natural convection in a trapezoidal enclosure of uniform
and non-uniform heating of bottom wall filled with porous matrix has been studied
numerically by using a penalty finite element analysis with bi-quadratic elements
studied by Basak et al. [11,12]. They found that non-uniform heating of the bottom
wall produces greater heat transfer rate at the center of the bottom wall than
uniform heating case for all Rayleigh and Darcy numbers. Varol et al. [13]
investigated the steady free convection flow in a two-dimensional right angle
trapezoidal enclosure filled with a fluid-saturated porous medium. Flow and heat
transfer characteristics are studied for a range of parameters: the Rayleigh number,
Ra, 100≤Ra≤1000; and the aspect ration, AR=0.25, 0.50 and 0.75. Their results
indicate that there exist significant changes in the flow and temperature fields as
compared with those of a differentially heated square porous cavity and These
results lead, in particular, to the prediction of a position of minimum heat transfer
across the cavity, which is of interest in the thermal insulation of buildings and
other areas of technology.
The present study deals with a steady natural convection flow in a porous
trapezoidal with a square body located at the center of enclosure based on Darcy
equation model as shown in Figure(1). Where the bottom wall is heated nonuniformly and vertical walls are adiabatic whereas the top wall is cold. To obtain
the effects of the presence of a square body on heat transfer and fluid flow inside
the enclosure, three different thermal boundary conditions were applied, the body
is cold, heated and adiabatic at different Ra numbers. The finite element method
with software package (FlexPDE) [14] has been used to solve the governing
equations for flow and temperature fields.
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Figure (1) Schematic diagram of the physical model.

GOVERNING EQUATIONS
In order to obtain the governing equations of the two-dimensional laminar
flow of an incompressible fluid, some assumptions were made as following [7-9]:
• The properties of the fluid and the porous media are constant.
• The boundaries of cavity are impermeable.
• The flow is described by Darcy equation model and that the Boussinesq
approximation is valid.
• The viscous drag and inertia terms of the momentum equations are negligible.
With using the above assumptions, the dimensional form of the
momentum and energy equations can be written as follows, [9,15]:

∂u ∂v
+ =0
∂x ∂y

… (1)

∂u ∂v
gβK ∂T
−
=−
∂y ∂x
υ ∂x

… (2)
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 ∂ 2T ∂ 2T 
∂T
∂T
+v
= α  2 + 2 
∂x
∂y
∂y 
 ∂x

… (3)

The following stream functions are defined as:

u=

∂ψ
,
∂y

v=−

∂ψ
∂x

… (4)

Using the stream functions (4) eqs. (1)–(3) can be written in non-dimensional
forms as follows:
∂U ∂V
+
=0
∂X ∂Y

… (5)

∂ 2Ψ ∂ 2Ψ
∂θ
+
= − Ra
∂X
∂X 2 ∂Y 2

… (6)

∂Ψ ∂θ ∂Ψ ∂θ ∂ 2θ ∂ 2θ
−
=
+
∂Y ∂X ∂X ∂Y ∂X 2 ∂Y 2

… (7)

The non-dimensional parameters are given below as:
X=

ψ
gβK (Th − Tc ) L
T − Tc
x, Y = y,
, Ψ = , Ra =
θ =
L
α
υα
L
Th − Tc

…(8)

Boundary Conditions
The boundary conditions for the considered model are depicted on the physical
model as shown in Figure (1). In this model, u=υ=0 for all solid boundaries of
trapezoidal enclosure and the body.
For all solid walls, boundary conditions are given as Ψ=0,
• On the bottom wall (hot wall); θ=λ(1-Cos(2πX))
• On the side walls (adiabatic); ∂θ ∂n = 0
• On the top wall (cold); θ=0
On the body,
θ body = 0
• Cold body (case 1);
•
•

θ body = 1
∂θ
Adiabatic body (case 3);
=0
∂n
Heated body (case 2);

Where λ the non-dimensional sinusoidal temperature distribution on the bottom
wall and we take λ=0.5,[8].
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Heat Transfer Calculations
Heat transfer process can be represented by calculating the local Nusselt
number NuL and the mean Nusselt number Num which are given by the following
equations:

Nu L =

∂θ
∂n

Nu m =

1
Nu L dS
S ∫0

… (9)

S

… (10)

Where n denotes the normal direction on a plane and S is the length of the heated
wall.
NUMERICAL SOLUTION
The code FlexPDE [14] was used to perform finite element method to analyze
the steady natural convection in a porous trapezoidal cavity with a square body
located at the center of enclosure such that this code is relied in the solution of the
nonlinear system of equations (6) and (7). Hence, the continuity equation (5) is
used to check the error of the solution throughout the grids of domain.
Software Validation
To check the validation of software; three grid densities were examined 10-3, 104
and 10-5. The grid dependency were checked with the continuity equation and the
obtained results show a reasonable validation of the velocity distribution for each
grid density. i.e example, the griddled domain for the trapezoidal enclosure with
square body located at the center of enclosure at Ra=500 is shown in Figure (2a)
and the distribution of the values of (∂U ∂X + ∂V ∂Y ) over the domain, is presented
in Figure (2b).

(a)

(b)

Figure( 2) For 10-5 accuracy (a) grid distribution over the domain( b) validation of continuity
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Code Validation
In order to assess the accuracy of the numerical procedure, the calculation for a
triangular enclosure filled with porous medium at Ra=500 were performed. The
thermal boundary condition of the bottom wall is the non-uniform temperature
θ = λ (1 − cos(2πX )) while the vertical and the inclined walls are isotherm at θ = 0 .
The program was tested by comparing the average Nusselt number (at the hot
wall), the maximum and minimum values of stream functions with a theoretical
work performed by [8] as shown in Table-1. The streamlines and isotherms plots at
Ra=500 are presented in Figure (3) as another comparison. The results show a
very good agreement and from these comparisons it can be decided that the current
code can be used to predict the flow field of the present problem.
Table (1) Comparison of mean Nusselt number, the maximum
and minimum values of stream functions with Ref. [8].

Ref. [8]
Present study

Ref. [8]
Present study

At Ra=100
Nu
Ψmax.
2.83951
2.56
3.14928
2.56
At Ra=500
Nu
Ψmax
7.03704
8.43232
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Ψmin.
-1.89
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Figure (3) Comparison of streamlines and isotherms for validation at Ra=500

RESULTS AND DISCUSSION
The results for natural convection has been performed in a trapezoidal porous
enclosure with inserted solid square body located at the center of cavity at three
different thermal boundary conditions, cold, heated and adiabatic were considered.
The governing parameters which effectively affect the flow and heat transfer are
Rayleigh number Ra and the thermal boundary conditions for the body.
Figures from (4) to (6) display the stream function and isotherm contours for
different values of Ra with different thermal boundary conditions of the square
body. Results of flow fields are represented by streamlines with equal increment
Δψ and temperature distributions are represented by isotherms with equal
increment ΔT. Figure (4) shows the streamlines (on the left), isotherms (on the
right) in a porous trapezoidal enclosure with cold square body (case 1). It is
observed that the cavity is heated from the bottom wall and cooled from the top
wall as well as the cold square solid body located at the center of cavity as
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indicated in Figure (1). Thus, the fluid near the bottom wall is hotter than the fluid
near the bottom side of the cold body and the fluid near the top side of the cold
body is hotter than the fluid near the cold wall of cavity due to the conduction
through the solid body. A density difference is formed due to this temperature
difference. As a result, fluid rises from the middle portion of the bottom wall of
cavity and the fluid flows downwards from the top wall. The strength of moving
flow from the bottom wall is higher than that from the top wall. Thus four cells are
formed which are symmetrical about the middle vertical axis of the bottom wall. In
the case of a relatively low Ra number, Ra =100, the flow strength is very weak
and the maximum value of the stream function is found to be 0.97. In this case, the
conduction mode of heat transfer become stronger and isotherms are almost
parallel to each other. Also, this distribution indicates the conduction mode of heat
transfer. When increasing Ra number, the value of stream function increases and
flow field becomes very complex due to domination of free convection. The
extreme value of stream function is obtained as 8.81 at Ra =900.
Isotherms are moved to almost parallel to each other in low Ra number due to
domination of conduction regime. These isotherms are presented in Figure (4a).
However, as convection heat transfer becomes stronger, the plumelike distribution
in the middle part of the heated bottom wall of the enclosure is formed and it can
be shown in Figures (3b) and (3c).
Figure (5) shows the results of the flow and temperature fields for the case of
heated square body (case 2), for Ra =100, 500 and 900 respectively. In this case
double symmetric circulation cells were formed in different rotating directions,
starting from the middle of the bottom wall of the cavity for all Ra numbers
considered. It can be seen that for low value of Ra number Ra=100, the location of
each cell center at the mid of cavity, but when increasing Ra the cell center is
moved towards the upper part of the cavity as shown in Figure (5b) and (5c). The
strength of the fluid is increased with the increasing of Ra number because of the
domination of convection mode of heat transfer. When the results of this case are
compared with that of cold body (case 1) a higher flow strength is obtained for
heated body (case 2) due to increasing of heat transfer to the fluid as a result of
inserting heated body. We can also see from the isotherm lines that they are
distributed almost parallel to each other near the cold wall of cavity and a
plumelike distribution is formed from the middle part also it can be observed from
this figure that the isotherm lines are skewness toward the inclined walls near the
bottom corner of cavity this is because of the wall inclination. With increasing Ra
number the plumelike distribution which generated from the bottom wall of cavity
and from the heated square body will occupy the whole space due to the increasing
of the convection heat transfer.
Figure (6) illustrates the streamlines (on the left) and the isotherms (on the
right) in the porous trapezoidal enclosure with adiabatic square solid body located
at the center of cavity (case 3) for different values of Ra numbers, Ra=100, 500 and
900. In this case four cells are formed which are symmetrical about the middle
vertical axis of the bottom wall of cavity for all Ra numbers considered. The cells
are obtained near the top wall of cavity then grow and strengthen the other cells. It
is clearly evident from the isotherms that at low value of Ra number the conduction
mode of heat transfer dominant to convection but with increasing Ra number the
convection mode heat transfer becomes dominates.
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Effects of Ra number on local Nusselt number (NuL) along the bottom wall of
the trapezoidal cavity at different boundary conditions of the solid square body are
seen in Figure (7). This figure shows that the values of (NuL) increase with
increasing Ra number and the variation of (NuL) is symmetrical due to the
symmetry in the temperature field for all values of Ra number. Negative values of
(NuL ) are appears near the corners of the bottom wall since the direction of the
heat transfer is reversed in this region while positive values of (NuL) is observed in
the main part of the bottom wall depends on the recirculation intensity. It is clear
from this figure that the value of (NuL) is small at the middle of the bottom wall
due to the reduction in the recirculation intensity. Also it can be seen that the heat
transfer process between the heat surface of the bottom wall of cavity and the fluid
for adiabatic body case is smaller than the other cases (cold body and heated body)
this is because the thermal resistance occurs in the system. It means that the
boundary conditions for the concentric solid square body plays an extremely
important role on heat transfer.
Figure (8) shows the variation of (NuL) for four sides of the square body at cold
and hot boundary conditions at Ra=500. As can be seen from the figures, when
cold and hot boundary conditions are applied to the body, U-shaped variations are
obtained For all sides. It means that at the middle of each side of the body, a
minimum value is formed. The same values are obtained for the right and left walls
of the body due to the symmetry of the isotherm lines along vertical axis i.e.(the
same distance between the body and inclined walls of cavity). Also it can be seen
that for the two cases, cold and hot boundary conditions of the body the heat
transfer process is enhanced near the bottom side of the solid body due to the
growth of the thermal boundary layer in this region.
Figure (9) shows the variation of surface-averaged Nusselt numbers for each
side of the body at different boundary conditions. It can be seen that also, for the
two cases ( cold body and hot body) the values of mean Nusselt number for the
bottom side of the body are greater than that of the other sides. This is because of
the reduction of the heat losses from the bottom side of square body as compared
with the other sides, while the average Nusselt number has the same value for the
right and left sides of the body, due to the equal distances between the body and the
inclined walls of the cavity.
Finally, surface-averaged Nusselt numbers at the hot bottom wall for different
Ra number are presented in Figure (10) for different boundary conditions. As seen
from this figure that the mean Nusselt number for cold body (case 1) is higher than
that of heated body (case 2) and for the adiabatic body (case 3). The heat transfer
process increases when increasing the Ra number for all cases due to the dominant
of convection mode of heat transfer.
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(a)Ra=100

Ra=100

(b) Ra=500

( c )Ra=900

Figure (4) Streamlines (on the left) and isotherms (on the right ) for cooled body
case θbody=0 at different values of Rayleigh number.
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(a) Ra=100

(b)Ra=500

(c)Ra=900
Figure (5) Streamlines (on the left) and isotherms (on the right ) for heated body
case θbody=1 at different values of Rayleigh number.
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(a)Ra=100

(b)Ra=500

(c)Ra=900
Figure (6) Streamlines (on the left) and isotherms (on the right ) for adiabatic
body case (∂θ ∂n )body = 0 at different values of Rayleigh number.
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Figure (7) Variation of local Nusselt number along the hot bottom wall , (a) Ra=100,
(b) Ra=500 and (c) Ra=900.
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Figure(9) Surface averaged Nusselt number as a function of Rayleigh numbers at different
surfaces of the body , (a) θbody =0 and (b) θbody =1.
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numbers for different thermal boundary conditions of the body.

CONCLUSIONS
The present study was performed to investigate the flow and temperature field
when a body with different boundary conditions is inserted in a trapezoidal porous
enclosure. The governing parameters are the Rayleigh number, Ra and the BCs of
the square body. Based on the obtained results, it can be concluded:
• Heat transfer is increased with the increasing of Ra number. It is observed that
the strength of the fluid is also increased with increasing of Ra number due to the
domination of convection mode of heat transfer.
• The fluid flow and temperature fields strongly depend on the thermal boundary
conditions of the body, i.e., the presence of the body obstructs the flow and
temperature fields.
• The highest heat transfer was obtained at the bottom of the cold and heated side
of the body but the lowest heat transfer at top side while the same heat transfer
was obtained at the right and left sides of the cooled and heated body.
• The flow strength increased with the increasing of Ra number for all cases and
the highest flow strength was formed for the case of heated body.
• The highest surface-averaged Nusselt number was obtained in the case of cold
body insertion.
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