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ABSTRACT

We proved the existence of P-integrable solution in [”(a,b)-space, where
1< p <o for the fractional differential equation which has the form:

‘Dy(t) = f(t,¥(1)) O<axl

with boundary condition
yy(@)+uy (b)=c
where D”is the Caputo fractional derivative, y,u and c are positive constants with

y + 1 # 0. The contraction mapping principle has been used to establish our main result.
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1. Introduction

Fractional differential equations have gained importance and popularity during
the past three decades or so, due to mainly its demonstrated applications in numerous
seemingly diverse fields of science and engineering. Fractional derivatives provide
an excellent
instrument for the description of memory and hereditary properties of various
materials and processes. This is the main advantage of fractional derivatives in
comparison with classical integer-order models, in which such effects are in fact
neglected. The advantages of fractional derivatives become apparent in modeling
mechanical and electrical properties of real materials, and in many other fields see
([61.[7D.

Arora and Alshamani [1] proved a global existence and uniqueness theorem for
the equation

Dy @)=f .,y (@) ~(1.1)
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to the case when the order o in (1.1) is takento be n—l<a<n, neZ" n>2

and satisfies the initial condition
Y () =c, ..(1.2)
where a,c,eRji=12,..n,¢ =0 , f(tyy) is Lebsegue integrable function which

satisfies the global Lipschitz condition. Hadid [5] studied local and global existence
theorems of the nonlinear differential equation

Dy @)=f@t,y(@) O<a<l ..(1.3)
satisfying initial condition
y(ty) =t, (1.4

by Shauder and Tyconove fixed point theorems. Momani [8] studied local and global
uniqueness theorems of the fractional differential equation (1.3) with the condition
(1.4), by using Biharie’s and Gronwell’s inequalities. Benchohra et al [4] studied the
existence of solutions for boundary value problems , for fractional differential
equation(1.3), foreach t € J =[0,7], 0 <a <1 and satisfying the boundary condition

yy Oy +pyT)=c
By using Schaefer’s fixed point theorem.

In this paper we impose some conditions on the existence of the solution of
fractional differential equation (1.3), with boundary condition

yy(@)+uyd)=c (L.5)
to be in the space of I”(a,b), Our method in this paper is by using the contraction
mapping principle.

2. Preliminaries

In this section ,we shall give a collection of definitions and lemmas which are
needed in various places in this work.

Definition 2.1 [2]

Let f be a function which is defined almost everywhere (a.e) on [a,b]. for o > 0,
we define

b
- 1 -1
D% =——[b-)* d
0 F(a)c{( 1) f (@)dt
Provided that this integral (lebsegue) exists, where I' is gamma function.

Definition 2.2 [6]
For a function f defined on the interval [a,b], the ath Caputo fractional
derivative of f'is defined by

1 t
D fYt)=——— @ —s)"*'F (s, v (s))ds
(DS ) F(n—a)!:( AR CRYC))
where n=[a]+1 and [a]denotes the integer part of o .

Lemma 2.1 [2] If & >0 and f(?) is continuous on /a, b] , then D™ f exists and it is
continuous with respect to t on /a, b/.

Lemma 2.2 [7] If ¢ >0 and f(t) belongs to L(a,b), then 'D“f exists for all
tela,b]if a>landace. if a <1.

72



Local Existence Theorem of Fractional Differential Equations in L” Space

Lemma 2.3 [3] If a,8>0and f (¢)e L(a,b), thenon a <t <b , we have:
a.[.Df ds=D"“f or D .Df = D"y

a

b. If @ >1,then /D *f is absolutely continuous in ¢ €[a,b].

c. c;ia’D " = 'D™f | everywhere if a >1 and a.e.if o <1.
t

d. 'D"“Pf = D DPfae if a+p <1

Lemma 2.4 [9] (Holder's inequality)
Let X be a measurable space, let p and ¢ satisfy 1 <p <oo, 1<q<oo ,

and 1 +l =1.If f e’(X) and ge'(X), then ( fg) belongs to L(X) and satisfies
b q

[ el S{J.le|pdx}plﬂx|g|qu}q

3. Local Existence of P-integrable solution in L” (a,b)space

In this section we prove some existence and uniqueness theorems in
L” (a,b)space for the boundary value problems(1.3), with condition (1.5).

Lemma 3.1 [4]
Let 0 <a <1 and fbe continuous function . A function y is defined as

1 [ o— ﬂ [ a-1 4

YO =——|=)"f (5, (s —————| (b=5)""f (5,3 ())ds +——
F(a)! (y+u)F(a)£ y+u

if and only if'y is a solution of the fractional boundary value problem (1.3), (1.5).

For proof see [4].
The mean result is given in the following theorem

Theorem 3.2
Let the right hand side f (¢, (¢)) of the fractional differential equation (1.3) satisfy the

Lipschitz condition in y with Lipschitz constant M, that is,y(t, y)—f, yz)‘ <M ‘ yl—yz‘
on the domain D , where:

D={(t.y):[t ~t,|<aly -y |<b} ..3.D)
and it is P-intgerable on(a,b). There exists a P-intgerable solution for the fractional
differential equation (1.3) with the boundary condition (1.5).

Proof. Let the mapping 7 on L” (a,b) be defined as:

1 t ~ L b . c

Tg@)=——|@=s)" [ (s,8(s)ds ——————|(b=s)"f (5,8(s)dds +—— (3.2
F(Ot)! (y+u)F(a)£ y+u

we have to prove that 7 maps every function g € L’ (a,b) into a function which belongs

to L (a,b) . Let:
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_ 1 - I B T .
h)= j(t —5)f (5,8 (s))ds (+y)l"(a)-!<b Y g+ (33)

by the lemma 2.1, the first and the second terms in the right hand side equation (3.3)
is continuous for all ¢ €[a,b], and for all & >0. Hence /(z) is continuous on [a,b]

and it is measurable .
p

...3.4)

po0b 1 c
——furs> f@g@»w——————4®—n“ f(s.g(s))ds+

‘h(t )‘
M@a (r+T(@)a ru

We have show that ‘h(t)‘p is Lebsegue integrable. Then, since |/ +g|" <27 ([f " +|g|” )

and from equation (3.4), we have

V4 b p
V@\QPF—th”V@amw N [ R A
(@) (r+wI(a)a y+u
p
1z a-1 c . :

the second term | [ (p—s)" £ (s,g(s))ds— is Lebsegue integrable.

(y+wl(a)a y+u

_ 1 »
Let (z (t))p ﬁf(t—s)a 1f (s, g(s))ds:l ...(3.5)
Now we have to show that (z(z))” is Lebesgue integrable . Since

ft,y@)el’(ab), and (t —s)*" €L”(a,b), then by HOlder inequality (l + 1 =1)
q p

and from equation (3.5), we obtain:
I 1 117

)P < [%lg —s)q(“'”dsjq [l.fp(s,y(s))dsjp ...(3.6)

(Amp<173ﬂtsW“wq yP@J@»w

(t-a)y"

1 If (s, (s))ds .(3.7)
po—
{p—lj

by Lemma 2.3.a, for a <t <b we have

].[].fp(fay(r))drjds =j'[]'(s _T)l_lfp(f,y(f))drjds

@) <

= [(iD7f 75,y (s))ds = Df? .(3.8)

From Definition 2.1 , equation (3.8)becomes
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!’[!’fp(r,y(r))drjds F(Z)J.(t_s)f (s,y(s))ds

t
Thus by Lemma 2.2 , it follows that [/ P is Lebesgue integrable for all ¢ e[a,b]. If
a

there exist a Lebesgue integrable function w(t) on [a,b] such that | f (t)| <w(t) a.e on
[a,b] , where f{(t) is measurable then f(t) is Lebesgue integrable function. Hence (z(t))" is

. p .
Lebesgue integrable. Thus ‘h(;)‘ Lebesgue integrable and therefore T maps

L’ (a,b) into itself. To show that T is a contraction mapping, Let g,,g, € L”(a,b)

ﬁf =) (f (5.8, ) ~f (5.8,(5)))ds

(@) -T (O ‘

Y R PR )
(ﬁu)r(a)!(b )T (581D =S (5.82(5)))ds

p

B Toposy
(r +’u)r(a):!.(b_s) (f(S’g1(s))_f(5,g2(s)))d9%t

b

e

a

[e=sy"( 6. 26)~f (5, g2(5)))ds -

N}

<(F(2;)) I[I =Y 6,86 gz(S))dsj a+
_ Y e Y .
+(7/+y)p (F(a)) J.(J.( s) If(S g,($))—=f (s, gz(s))| Sj t (3.9)

Since f (¢,y) satisfies lipschitz condition on D with respect to y. Therefore from
inequality (3.9), we get:

I (g,e)-T (g, < Z(M I[I( —5)" g (s)~ gz(s)|dsj dt +

(T(@))” u\x
P
P PP
+2M—“j(j( ) |gy(s) - gz(s)|dsj di ..(3.10)
(7 +n)” (@)’
Since g,g,€(ab) and L” is a linear space, then |g1—g2|eL"(a,b),
(t-s)""el’(a,b) and (b—s)*"eL”(a,b)where l+l=1, by using HOlder
p 4

inequality, equation (3.10) becomes
p

: F( )p}j. (]. s)q(“'”dsjq[].|g1—g2|pdsjp dt +

a

I (@) (g50)

75



Joseph Gh. Abdulahad & Shayma A. Murad

1 1Y

sop  MPuP }j [I(b —s)" ”de [ﬂgl 2| dsj dt

(7 +wP (T@)? o \&

p PasP b a
HT(gl(f))—T(gz(t)) <2 Mp (t —a)
P (F((Z)) a {palj

-1

p,p y —a)et
+2p M )u J‘ (b a) - I|g1 _g2|P dS dt
v +w? (T@) of [pa=1]
p-1
To integrate the right hand side of inequality (3.11), let:

r()=[lg, .| ds

plﬂgl g2| ds dt +

Ly

b AP P 1
<y ) Jeorroas

Ir @)1 @0,

MP P 1 r-lp a_b
+2P ? [ppa—lj J.[(b—a)p 1J.|g1—g2|pcisjdt

(7 + )P (T(@))? a
Integrate by parts ,we have:
dv =(t —a)*" v = =™
pa
u=r(t) du =r (t)dt
(b—ay™ | -
T (g,e)-T(2,O) < ))p [pa J { o j &gl d - j (z)dz}
40P Mp,up [ p—llj ® _a)pa—lj'[“gl_gzrdsjdt
(7 + )P (T(e))P \P*~ 2\

!

te-a)
Since I r, (t)dt >0, then inequality (3.12) gives
pa

[ j b e+
pa

I (g,@)-T (g, )] <

))p

MP P 1Y
+27 £ [p j(b—a)mngl—gzlli

(v +w? (T(@))P \Pa-l

76

..(3.11)

...(3.12)



Local Existence Theorem of Fractional Differential Equations in L” Space

1

1
p-1 Y paf l 2Py
HT(gl(t)) T(gz(t))H r( : {pa_lj (b —a) [pa+(}/+u)pj le—g.],

-1

Pt
— )¢ _ p
2M(ba)[p1ijL+u

where A=
[(a) pa-1 pa  (y+p)

Thus T is contraction mapping and hence it has one and only one fixed point,
Ty(®)=y(® -

Example 3.3. Consider the following fractional differential equation:
2 2
D" y(t) =

Y
with boundary condition

55.5(1+1%)
yO0)+y@)=1

Here,

|f (v = f )| = 4 "y

155.5(1+ %) 55.5(1+1¢° )|

| 2t2 2t |

Iyl vo| YV y).(t y,)e D

where y=1, p=1, p=2 and the space is L*(0,1) , Thus

p-1

A 1\r P

2M(b a)[pljppl+ K <l &
) pa-l po (y+up)

(0. 102717)(1.581 13883)(0.9819805) =0.159483294 <1.

Then by Theorem 3.2 , the function

__ 5% & s)’ 303 & )’ 1
0= ra )I( 55.5(1+5°) 21"(05);[( Y Sss0+s) 2

Is the only solution for the given fractional differential equation which satisfies the

given boundary condition.
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