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 الخلاصة

  أن الھدف من العمل ھو دراسة وإیجاد التماثلات التقریبیة لمعادلة الانتشار غیر الخطیة            

   rrt hhh )
3
1( 3 عند تشویشھا أولا باستخدام الحد)( 3

rhh
r
  ثم باستخدام دالھ مجھولة

),( rhhf
r
  لقد قمنا بإیجاد حل تقریبي لامتغایر في الحالة الأولى ووصف اللاخطیة),( rhhf  في الحالة

  .الثانیة
ABSTRACT 

The aim of this work is to study and obtain approximate symmetries to the 
nonlinear diffusion equation, 

rrt hhh )
3
1( 3  

when it is perturbed , first by the term )( 3
rhh

r
  and second by the unknown  

function ),( rhhf
r
 . An approximate invariant solution is found in the first case, 

while we descried all nonlinearities ),( rhhf  in the second case.  

 
INTRODUCTION 

The concept of approximate symmetry goes back to at least the 
late seventies when the observation was made that, since the differential 
equations which arise in mathematical modeling are invariably 
approximate, one should in fact be considering appro-ximate symmetry 
[1] 

The non-linear diffusion equation having the form                            
  r

n
rt hhDh )(                                               (1) 

for a single function h of two independent variables t and r; )(hD   is the 
diffusion term, has a wide range of applications in physics, diffusion 
process and engineering sciences [2],[3].  

In this paper, we study approximate symmetry for the nonlin-ear 
diffusion equation (1) , when n=1 3

3
1)( hhD   and the equation is 

perturbed. When the perturbed term is  rhh
r

3  we find an approximate 
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invariant solution while when the perturbed term is  ),( rhhf
r
 , where f 

is an unknown function, we describe all nonlinearities ),( rhhf so that the 
equation is approximately invariant, where  is a small parameter. Such 
a type of equation arises in important geophysics in the spreading of 
molten lava on the surface of the earth and in the drop Medicine [4] 

The plan of this paper is as follows: 
in section two, we introduce the approximate symmetry. In section 
three, perturbation by the term  rhh

r
3  is studied. While in section four, 

we study perturbation by an unknown function ),( rhhf  
 
Approximate Symmetry Approach  

To study a differential equation containing a small param-eter , 
symmetries are found in a form of series in powers of   as 

2
2

10 XXXX  …                                                  
The first summand is just a symmetry of the unperturbed 

equation (i.e. for an equation with   0).Taking a few summands 
means finding approximate symmetry.  

Let us begin by recalling 0X , the symmetries of the unpertu-
rbed equation  

rrrt hhhhh 322

3
1

                                                           (2) 

which has been found (see[5]), as 
 

0X  ),,(0
1 htr  hhtrthtrr  ),,(),,( 00

2    
where 

0
1  3212

1  





  r ,  0

2   41  t , 2
0

3
2  h  

i , i  1, 2, 3, 4  are arbitrary constants  
 
First Perturbation  

When equation (2) is perturbed by the term rhh
r

3 , it becomes: 

 rrrrt hh
r

hhhhh 3322

3
1 

                                                 (3)  the 

first-order approximate symmetry is 
10 XXX   

where 
 rhtrX ),,(1

11  hhtrthtr  ),,(),,( 11
2                  (4) 

The criterion for invariance of the PDE (3) is  
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3
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3322]2[ 





 

 
 rrrrt hh

r
hhhhhrrrrt hh

r
hhhhhX  

which implies that, 
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



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





















 







 

hh
r

hhh
r

rhh
r

h

hhhhhhhh
r

rr
rr

rr
r

rr
t

r







         (5) 

                          
when 

rrrrt hh
r

hhhhh 3322

3
1 

  

We obtain a polynomial equation in hrr, hrt, hr, which must hold 
for arbitrary values of r, t, h, hr, hrr, hrt. From the coefficients of hrt, hr ht, 
hr hrr,  we get  
              321

1
1 )

2
1(   r    41

1
2   t    2

1

3
2  h   

where 1, …. , 4 are constants 
 
Invariant Solution  

In order to obtain a group-invariant solution of (3) we use the 
Lagrange Method of Lie symmetry generators as follows: 

Let  

112

21211 2
1

2
1













 






 

      

     443           ,  224 3
2      

then 

h
dh

t
dt

r
dr

43231 






                                       (6)         

whose solution is given by  
   ,2

31
  trs          )(4

3 sfth                 (7) 

where  ,
1

3
1 





      ,

2

1
2 


       and  

2

3
3 





      . 
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Differentiate (7) with respect to t and r, then substitute in 
equation (3) we get  

       

    0)()()(
3
1)()(

)()(

'34
3

"324
3

2'2

24
3

'
1

1
32

1
34

2424

24244












fsft
r

sfsftsfsf

tsfrtsft







, 

 
and to be able to proceed further we make the assumption that 01    
find simple equation and multiply by r(t+3)244, we get  

0)()()()(
3

)()()()( '3"32'2'2
24  sfsfsfsfssfssfsfsssf   

if 4+2,    2  1 ,then 

         0)()()()(
3
1)( '3'32 



  sfsfsfsf

ds
dssfs

ds
d  

integrating with respect to s gives  

  1
'3'3'32 )()()()()()(

3
1)( Cdssfsfdssfsfsfssfsfs 



    

 where C1 is arbitrary constant. If C1  
3
1
  0 , we get 







  2

2

2
9 Csf  

consequently the approximate invariant solution is  

    3
1

2
22

3 2
9, 






 


 Csttrh                                     (8) 

Second  Perturbation  
In this section we consider equation (2) when it is perturbed by an 

unknown function ),( rhhf
r
 ,which becomes, 

   rrt hhf
r

hh
r

h ,
3
1 3 





                                           (9) 

We would like to find the transformation that will have the 
property to change any element of the family of PDE's (9) to PDE 
which belongs to the same family. 

In order to obtain the group of transformation of equation (9), the 
following auxiliary equations are imposed [5] 

ft  fr  fht  0                                                        (10) 
and the approximate generator is given in the form of   

      fhtrX   101
2

0
2

1
1

0
1  

where  v v v, T ,  (v  0,1 ) are functions of t, r and h; and f is a 

function of h, hr only and function of t, r, h and hr. 
The second prolongation of the operator X is  
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     
rr hhhh

rr
rrrr

t
tt

r
rr

ff
hhhXX





 101010

]2[

. 

The infinitesimal invariance criterion for equation (10) becomes  

  0,
3
1

),(
3
1

322]2[
322







 

 
 rrrrt hhf

r
hhhhhrrrrt hhf

r
hhhhhX  

this equation yields  
 
     

    0
3
1
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0
210

310

2
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2102
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




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





r
f

r
h

hhhhhh

rrrr

rr
rr

rr
tt

             (11)  

In zero-order approximation (0), (11) yields the invariant 
criterion in the form of  

  0
3
122 0

302
0

202
0  rr

rr
r

rr
t hhhhhhh      , 0     (12) 

which gives   0 ({r, t, h, hr}), since f is a differential variable 
which is algebraically independent of fh and fhr. Thus  is the function 
of h, hr and f only. 

It is clear that (12) is the same determining equation as in the case 
of an unperturbed equation (2),and so its infinitesimal coefficients are  

 

2
0

41
0
2321

0
1 3

2,,
2
1  htr 






   

where i, i  1, 2, 3, 4 are constants defined by the following generators 
0
1X r    ,  0

2X t    ,  0
3

1X r r t t
2

      ,  0
4

2X r r h h
3

     

In a similar way to the above, we have the invariance condition  
 

011
3
122 0

121
312

1
212

1  
r

f
r

hhhhhhh rr
rr

r
rr

t  

when  
 rrrrt hhf

r
hhhhh ,

3
1 322 

  

Thus, we obtain a polynomial equation in hrr, hrt, hr, which must 
hold for arbitrary values of r, t, h, hr, hrr, hrt. 

From the coefficients we get the following results  
3  0 

1
2   1t + 4  
1
1   2r + 3 

3
)2( 121 h 

  
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and 

   f





  12 2

1
3
4   

where i ,  i  1, 2, 3, 4,  are constants. Therefore the generator X will be  

      

  hh

tttrrrX




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

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
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41313221
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2
1




 

we observe that there are seven approximate symmetries. 
tX 0

1     ffrrhhX 
3
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20

2        ffttrrX 
2
1

2
10

3  

rX 1
1         tX 1
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4  

 The Set of  Transformations  
Consider now the approximate transformation corresponding to 

the generators   j
iX , i=1,2,3,4 ;j=1,2 

These transformations are given by the "exponentiation" 
formula [6] as follows  
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we get the results (up to 1) then  
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in a same way we find 
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Conclusion 
This paper deals with finding the symmetries of equation 

),,()
3
1( 3

rrrt hhrFhhh  using the invariance of the equation when it is 

unperturbed ( 0 ) instead of finding the symmetries directly .The first 
perturbation is made by a known function rhh

r
3 .concerning the second 

perturbation in which there is a class of DEs, one has to choose those 
changes of variables which do not alter the form of the class of PDE(9). 
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This study may be continued to study the convergence of the 
approximate symmetry either by finding the exact symmetry to the 
perturbed equation (one can compare with [4] when to 

3
1

 ) or use 

numerical methods, so that can obtain the error value 
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