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1. Introduction:

In 1965 [11], Zadeh L. A. gave the
definition of fuzziness. After three years C.
Chang [2] gave the notion of fuzzy topology. In
1990[1], Ahsanullah and Ganguli, depended on
the convergent in fuzzy topological space in the
sense of Lowen][7, 8] to introduce the concept of
fuzzy nbhd rings which gives the necessary and
sufficient condition for a prefilter basis to be
fuzzy nbhd prefilter of 0 in fuzzy topological
ring. Also they are study the notions of right and
left bounded fuzzy set and precompact fuzzy set
fuzzy nbhd rings.

In 2009, Deb Ray, A. and Chettri, P [3]
introduced fuzzy topology on a ring. Also in [4]

they introduced fuzzy continuous function and
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studied left fuzzy topological ring. Our working
to study fuzzy separation axiom T;, i =
0,1,2,3 in the fuzzy topological ring space and
obtaining the relationship between T;, i =
0,1,2,3 spaces in the fuzzy topological ring
space

For rich the paper, some basic concept
of fuzzy set , fuzzy topology and fuzzy
topological ring are given below. The symbol I
will denote to the closed interval [0,1].
1.1 Definition [11]

A fuzzy setin Risamap d0: R — I and,
that is, belonging to I%(the set of all fuzzy set of
R) . Let E € I®, foreveryr € R, we expressed

by E(r) of the degree of membership of r inR .
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If E(r) be an element of {0, 1} , then E is said a

crisp set.

1.2 Definition [2]

A class u € IR of fuzzy set is called a fuzzy

topology for R if the following are satisfied

1) Q,Repu
2) VELHEu—->EANHEU

(R, w) is called fuzzy topological space. if A € u
Then A is fuzzy open and A¢ (complement of A

) is a fuzzy closed set.

1.3 Definition [1, 3]

A pair (R,p) ,where Raring and p be a
fuzzy topology on R, is called fuzzy topological
ring if the following maps are fuzzy continuous:

1) RX R -»R,(r,k) »r+k.

2) R>R, r->—r

3) RXR -R,(r,k)—-r.k
1.4 Definition [4]

A family B of fuzzy nbhds of r,, for 0 <

a < 1, is called a fund. system of fuzzy nbhds
of r,, iff for any fuzzy nbhd V of r,,, thereis U €
Bsuchthatr, < U<V

1.5 Definition [4]

Let R be aring and u a fuzzy
topological on R. Let U and V' are fuzzy sets in
R. We define U +V ,—-Vand U.V as follows
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WU +V)tk)= sup min{U(ky),V(k,)}
k=kq+ks
—V(k) =V(-k)
(U.V)(k) = sup min{U(k,),V(k,)}
k=kq+k;

1.6.Theorem [4]

If R is a fuzzy topological ring then there
is a fundamental system of fuzzy nbhds B of 0
(0 < @ < 1), such that the conditions:
() vU € B,then—-U € B
(i) vU € B, then U is symmetric
(iiiyvU,V € B,then UAV € B
(iv)VU € B, thereisV € BsuchthatV +V <
U
(V) VU € B, thereisV € Bsuchthat V.V < U
(viyVr € R,vU € B, thereisV € B such that a
rV<Uand V.r <U.
1.7 Definition [7]

(R, ) is fully stratified fuzzy topology
on R if the fuzzy topology u on R contain all
constant fuzzy set

1.8 Definition [10]

A fuzzy topological space (R, u ) is said
to be fuzzy T,-topological space iff vr,, k, €
R,r # k,3U € usuch that either U(r) = 1
andU(k) =0orU(k) =1andU(r) = 0.

1.10 Definition [10]

A fuzzy topological space (R, i )is
said to be fuzzy T, - topological space iff
Vg, ke € R,v # k,3 U,V € usuch that
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Ur) =1, Utk)=0and V(r) =0,
V() =1

1.11 Definition [10]

A fuzzy topological space (R, u ) is
said to be fuzzy Hausdorff or fuzzy T, space iff
for any two distinct fuzzy points r,, k, € R,
there exists disjoint fuzzy sets U,V € u with

Ur)=V(k) =1.
1.12 Definition [10]

A fuzzy topological space
(R, ) will be called fuzzy regular if
for each fuzzy point r,, and each fuzzy
closed set H such that H(r) = 0 there
are fuzzy open sets U and V such
that U(r) >0,H <Vand UANV =0 .

1.14 Proposition [10]

If a space R is a fuzzy regular
space, then for any open set U and a
fuzzy point r,, € R such that
cl(U)(r) = O there exists an open set

V suchthata <V <cl(V) U

1.15 Definition [10]

A fuzzy topological
space(R, u ) will be called
normal if for each pair of
fuzzy closed sets H, and H,
such that HAH, = @ there

exist fuzzy open sets U; and U,
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such that U; < H; and U, < H,

1.16 Definition [10]

A fuzzy topological
space (R, u ) is said to be fuzzy
T5-topological space iff it is

fuzzy T, -and fuzzy regular.

2.Separation Axiom

2.1 Theorem
Let (R, u) be a fuzzy topological ring. If
ko € {r,: R(r) = max{R(h)}, Vh € R} and
U is a fuzzy nbhd of 0, then k + U is a fuzzy
nbhd of k such that (k + U)(k) = max{R(h)},
Vh, € R}.
Proof
Since U is a fuzzy nbhd of 0, there
exists V fuzzy open set such that V < U and
V(0) = U(0) = max{R(h)}, Vh € R}. Let
Ik(M): (R, ) = (R 1), gi(r) =15 + kg gie I
a fuzzy homeo. Thus k + V is a fuzzy open set.
k+V(k)=V(k—-k)= V()
= max{R(h) }, Vh € R.
k+Ur)=Ur—-k)=Vir—-k)=k+
V(r)forallr € R.
Thus there exists k + V fuzzy open such that
k+V<k+Uand (k+V)K)=(k+
U)(k) = max{R(h) }, VR ER
2.2 Theorem
Let (R, u) be a fuzzy topological ring. If
k, € {r, : R(r) = max{R(h)}, Vh € R} and
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U is a fuzzy nbhd of k, such that U(k) =
max{R(h)}, Vh € R, then U — k is a fuzzy
nbhd of 0 such that (U)(0) = max{R(h)},
Vh €R.
Proof

Since U is a fuzzy nbhd of k,, there
exists V fuzzy open set such that V < U and
V(k) = U(k) = max{R(h)}, Vh € R. Let
kiR = R, gir(y) =14 — kg, g isafuzzy
homeo. Thus —k + V is a fuzzy open set.
V—k(0)=V(0+k)= V(k) =max{R(h)},
Vh € R} =V (0).
U—-k(r)=Ur+k)=2Vir+k)=V-—
k(r) forall r € R.
Thus there exists V — k fuzzy open set such
thatV —k<U—kandV(0) =U —k(0) =
max{R(h)}, Vh € R}.
2.3 Definition

A fuzzy topological ring (R, p) is said to be
Fuzzy T, - space iff for each ry ,k, st r#k
there exists fuzzy open set U s.tr, € U  k, € U
or k,eU,r, €U

2.4 Example

Let Z, be the ring of integers
modulo 2. Define fuzzy sets E; , E, , E5 on Z,as
E1([0]) = 0.9,E,([1]) =0,
E5([0]) = 0, E5([1]) = 0.9
forallr € Z,. Let u = {9,Z,,E,, E,} is a fuzzy
is a

topological ring on Z,, then (Z,,u)

fuzzy T, - topological ring space.
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2.5 Definition

A fuzzy topological ring (R, p) is said to
be Fuzzy T; - space iff for each ry ,k, S.tr # k
there exists fuzzy open sets U,V st ry €
Uky€Uand ky €V, ry €V

2.6 Example

Let Z, be the ring of integers

modulo 2. Define fuzzy sets E; , E, , E5 on Z,as
Ei([0]) = 0.25,E,([1]) =0,
E>([0]) = 0, Ex([1]) = 0.25
E5([0]) = 0.25,E5([1]) = 0.25
for allr € Z,. Let u= {@,Z,,E,E, E3} is a
fuzzy topological ring on Z,, then (Z,, ) is a
fuzzy T, - topological ring space.
2.7 Definition

A fuzzy topological ring (R, p) is said to be
Fuzzy T, - topological ring space iff for any two
fuzzy points re,kg s.tr & supp(k)and k &

supp(r), there exists two fuzzy open sets U,V
stro, €U, ko, €V and UANV =@

2.8 Example

Let Z, be the ring of integers
modulo 4, with fuzzy discrete topology upon it.
The fuzzy topological ring (Z,, up) is Fuzzy T,
- topological ring space.

2.9 Definition

A fuzzy topological ring (R, p) is said
to be Fuzzy regular space if vrp, e R and a

fuzzy closed set F with F(r) = 0 there exists
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fuzzy open sets U,V such that r, € U and F c
Vand AV =0 .
2.10 Definition

A fuzzy topological ring (R, p) is said to be
Fuzzy T; —topological ring space if (R, ) is fuzzy

T; — space and fuzzy regular topological ring space.

2.11 Example

Let R be the ring of real number,
with fuzzy usual topology p; on it. Then
(R, uy) is Fuzzy T; - topological ring space
2.12 Theorem

If (R,w) is fuzzy T,- topological ring space
then {0,} is fuzzy closed subset in (R, ).

Proof

Let (R, p) is fuzzy T,- topological ring space.

For any 71, #0,be another fuzzy point,
assume U(r) > 0, VU € {B,}, then there exists
fuzzy open set V of r, st V(0) =0, implies
{0}(r) = 0. Since r is arbitrary. Thus {0,} = {0,}

and {0,} is fuzzy closed set.
2.13 Theorem

For any fuzzy topological ring space (R, p),
if {0,} is fuzzy closed subset in R and if B, is a
basis of fuzzy nbhd of 0, then Ayep 3V = {04}

proof
17

Let {0,} be an fuzzy closed set and {B,} be a
basis of fuzzy nbhds of 0,. Then by theorem
2.12,{0,} = {04} = Avegs, ({04} + V) = Aves gV
Thus AyegsyV = {04}

2.14 Theorem

For any fuzzy topological ring space (R, p),
and B, is a basis of fuzzy nbhd of 0, if AyepyV =
{0,}, then (R,p) is fuzzy T,-topological ring
space.

Proof

Let {B,} be a basis of fuzzy nbhds of 0,and
NveyV = {04} . Let 1, and kiare fuzzy points
with different support. Thereforr, —k, # 0, so
there existsV € {B,}, st V(r —k) = 0. Now by
theorem 1.6, k+V(r) is fuzzy nbhd of k,
and (k+V)(r) =V(@r—k)=0. Thus r, ¢ k+V
and (R, p) is fuzzy T,-topological ring space.

2.15 Theorem

It Rw
space, Then (R,n) is fuzzy T;-topological ring

iIs fuzzy T,- topological ring

space
Proof

Let (R, ) be a fuzzy T,-topological ring
space and let r,and k,are fuzzy points with
different support. Then there exists fuzzy open set V
of 0, st r+V)(k)=0 or (k+V)(r)=0. We
can assume that V is symmetric fuzzy open set

of 0. To explain that(r + V)(k) =0 if (k+
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() =0 we assume the contrary, suppose For any fuzzy topological ring (R, ), the
that (r + V) (k) > 0, therefor (r — V) (k) > 0. following conditions are equivalent
Implies 1) (R, ) is fuzzy T,-topological ring space

2){0,} is FZ.closed subset in R.
3) If B, is a basis of nbhd of 0,, then Nyeg, V =

{0a}
4) (R, ) is fuzzy T,-topological ring space.

r+WV)k)=Vk-1)=V(-(r—-k) =
Vir—K)=(k+V)(r)>D0.

This contradiction, similarly if(k + V)(r) = 0. Thus

(R, ) is fuzzy T;-topological ring space. 5) (R, ) is fuzzy T;,-topological ring space.

6) (R, ) is fuzzy T;-topological ring space.
Proof

By theorems 2.10, 2.11, 2.12, 2.13 and 2.14

2.16 Theorem
If (R, ) is fuzzy T,-topological ring space 2.18 Theorem

then (R, p) is fuzzy T;-topological ring space. Let (R, u) be a fuzzy topological ring,

then Every fuzzy subspace of fuzzy T,-space is

Proof a fuzzy T, — space.

Let (R,p) is fuzzy T;-topological ring Proof:
space and let r € R , F be a fuzzy closed subset in R Obvious
s.t F(r) =0, then F¢(r) = 1 and F€ is fuzzy open 2.19 Theorem
set. Therefor F¢ —r is an fuzzy open nbhd system Let(R, 1) be a fuzzy topological ring and E
of 0,. Then there exists fuzzy open set V, of 0, isa fuzzy subring of (R, ), if (E, ug) is fuzzy
st Vy < F¢—r.Now Hausdorff and (R/E , B) is fuzzy Hausdorff
_ then(R, w)is fuzzy Hausdorff.
Vo=NWo+ (FC=1)) =NF—1) ={0,3},

Proof

(r + Vo) (k) = Vo (k — ) = min{V,(k), Vo(=r)} = If R/E is fuzzy Hausdorff, then E is fuzzy
min{V, (k), Vo(r)} = Vo(k) = Vo(k)  ,vk €R  closed setin (R, u).
If also (E, ug)is fuzzy Hausdorff then {0,} is

impliesr + Vo, < F€ —r. Thus (R,p) is fuzzy

regular and consequently it is fuzzy T;-topological fuzzy closed in £.

ring space. Hence {0,} is fuzzy closed in (R, u), and (R, 1)

is fuzzy Hausdorff.
2.17. Theorem
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