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Abstract

This paper present a method to find the approximate solution of linear delay Volterra integro
differential equation which contains three kinds of equations(Retarded, Neutral and mixed) by using
Galerkin's method with Bernsien polynomial as a basic function to .Three examples are given for
determining the result for this method.
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Introduction

Delay Integro— differential equation is an equation involving one (or more) unknown
function u(x) together with both differential and integral operations on
u(x)[zhang2004] This means that it is an equation containing derivative of the
unknown function u(x) which is appearing outside the integral sign. Delay integro-
differential equations are equations having delay argument. They arise in many
realistic models of problems in science, medicine, biology, economic and
engineering[Ali2006].

Three types of delay integro- differential equations as following:

1. Retarded integro- differential equation.

. bex)
U= e+ L ko tuct — ndt

(D)
2. Neutral integro- differential equation.
b
U -0=fu ko tutdt
«-=fe+ [ ke bumd e
3. Mixed integro- differential equation.
beo
UE-T,)= fm+L ko, bt — T,)dt .

Where f and k are given function ,u(x) unknown function .The above three equations

are Delay integro differential equations . (T = 0 ) usually represents here the time
lag, and in special case if (t = 0) then the delay differential equation reduces to an
ordinary differential equation.

If b(x)=b ,d =X = b (b is constant ) (1)(2)and(3)Fredholm integro differential
equation respectively.

Ifb(x)=x ,&@ =X (1)(2)and(3) Volterra integro differential equation respectively.
In this paper, we considered linear delay Volterra integro differential equation .
The Bernstein polynomials of degree n are defined by
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| Y -1
By = G)ti(l o t) for i=0,....,n and t=0,...,n-1

Where [ € la. bl and
(TL) _ mn
L um-—ip

, n is the degree of polynomials, i is the index of polynomials . The exponents on the
(t) term increase by one as i increases, and the exponents on the (1-t) term decrease by
one as (i) increases.

The Bernstein polynomial of degree two defined as

Bio=a-x%

B2 (x) = 2x(1 - x)

Bi ()= (x*)

Weighted Residual method:

There existed an approximation technique for solving delay integro differential
equations called the Method of Weighted Residuals, The Galerkin's Method of
Weighted Residuals. The Galerkin's Method is very popular for finding numerical
solutions to differential equations[Ali2006]. In this paper we will use Galerkin’s
method which it is one of the weighted residual method to find the approximated
solution of the linear delay Volterra integro —differential equation .

To do this first

We will present these methods by considering the following functional equation.
Liutcl=gx) xeD....(4)

Where L denotes an operator which maps a set of functions U into a set G such that u
€ U, g € G, and D is a prescribed domain. The epitome of the weighted residual
method is approximate the solution u(x) of equation(4) by the form

T
u) = u,(x) = Z c;@;(x) —— Y

i=o

[ -

Where the parameters €i¥ and the functions @i(X) are algebraic or orthogonal
functions. An approximate solution ¥n(X) given by equation(5) will not in general
satisfy equation(4) exactly and associated with such an approximate solution is the
residual defined by

EG)=LuGl-g@) ... ...(6)

The residue E(x) depends on x as well as on the way that the parameters (ci's) are
chosen. It is certain that when E(x) = 0, then the exact solution is obtained which is
difficult to be achieved; therefore we will try to minimize E(x) in some sense.

In the weighted residual method the unknown parameters (ci's) are chosen to minimize
the residual E(x) by setting its weighted residual integral equal to zero, i.e.

[wiEdx=0 ,i=0....n e (7)

Where w; is prescribed weighting function, the technique based on equation(7) is
called weighted residual method. Choices of w; will yield different methods with
different approximate solutions.

One of weighted residual methods is Galerkin's method will be discussed below.

It is one of weighted residual methods that makes the residue E(x) of equation(7)
orthogonal to n+1 given linear independent functions on the domain D. In this method
the weighting function w; is chosen to be
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W dunen t=0.,....n
~ dg,
Where u,(x) is the approximate solution of the problem, then equation(7) becomes
Oy, (X)
Ecodx =0 -
D dc; d ( )

This equation will provide us n+1 simultaneous equations for determination of ¢i's
1=0,1,2,....n

To solve linear delay Volterra integro differential equation by using the above
method , now using operator forms for each type of these equations as:

LiuG)l = gx)

Where the operator L is defined for each type of delay integro-differential equations
as:

1. Retarded Volterra integro- differential equation.

X
LGl =w @) [ ke, ue — Dt
2. Neutral Volterra integro- differential equation.

c
LG = u'G — 1) — L kG, Oudt

3. Mixed Volterra integro- differential equation.

.
LGl = u & — rl}_L kG, Dut —7,)de

The unknown function u(x) is approximating by the form in equation(4) and by

substituting equation(4) into equation(5) yields

Llw,, 6l = gx)

Where

n a
Liu, G = Y ¢ [p, @) - Ekfx. D, ¢ - 1dt]

I—=n

n -
Liw, 0l = Z il - - E ke, g, @)dt]

i=o
1 | .
Liu, 0= Y ¢, [p, & —1,)- L kG 0, —7,)dt1]
i=a
For which we have the residue equation

Ern () = Liun 001 - g(x)
Substituting equation(5) into equation(6) to get:

n
En(0=1 I‘Z cfcp;-m‘—gm

n
Ene =) ¢ [L(9:(0))]- g
Where t
. X
Ll 6O = @, ) — L kG, Do, — Dt

N
Lig, 0 = @, & —T)— L kG, ), @)t

X
Llp, 0l = @, & —1,) - L kG, D, - T)dt
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Foralli=0,1,2, ...,n.

Since
n

HI-_aH-nUﬂ H;.I[I) = Cffpi':‘n

= dc; and :Z:I:
This yield to
w0 =900 ... (9)
Substituting equation(9) and (6) into equation(8) we get
T
;C:‘L%L[@:‘Lﬂ]=ID¢J;H{I] -.(10)

Where @i is Bernstien polynomial .

By evaluating the above equation for each i=0,2,...,n ,we can get a linear system of
n+1 equations with n+1 unknowns co,cy,...,c, which can be solved by any suitable
method. By substituting these values into equation (5) we can get the approximated
solution of the linear Delay Volterra integro —differential equation .

The approximated solution will be given in this steps

Step 1:
Select
Bl'toand B} (x -1;), j=1,2 andntredegree of polynomial , i=0,..n

Step 2:
Find

fi(x) = BY oo~ [ kee. 0Bl - Dt
. X
fi(0) = Bl @ - - [ ke 0B @t

fi(x) = BY v -1 - [ ker. 0BT - Tt

Step 3:
Evaluate

f f,c0Bredx  i=0....n

Step 4:
Evaluate

fg{x)BI“ cdx i=0,...n

Step 5:
Using (11) and (12) in

! .

Z Ci f fiCOB' codx = fg B ()
i=a

we get a system of n+1 equations

Step 6:
Solve the n+1 system to get Ci's
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Step 7:

Substitute €i's in (5) to get the approximate solution

To illustrate this method, consider the following example:
Examples:

1-Consider the linear Delay volterra integro differential equation of
Retarded type

.‘_ "
u=1 —l?+ ijru(r —1)dt D=sx=1
Ul = X + 1 With exact solution

Cis After applying the above steps we will get two
c, = 0.9861, c,= 2.1244

¥
in (5) we get the approximate solution i By using the two

utv)= 09861 +1.1383x

From the table (1)you can see the step size 0.1 between zero and one , Also
in the same table you can see the difference between the exact solution and
approximate solution ,They appeare close to each other.

2- Consider the linear Delay volterra integro differential equation of
Neutral type

Uux-1=1 —§+ f{,\: — tut)dt D=sx =1

u() = X With exact solution

After applying the above steps we will get the approximate solution

utx)=x

With Co = 0. ;=1

You can see the table (2) and figure (2).

3- Consider the linear Delay volterra integro differential equation of Mixed type
. o X3 x* x*® r o 1

U -1D=2x-2-"+— ?+[ Hu(r—i dt

O=x=1 | ul)=X"With exact solution

Table (3) lists the results obtained by achieving Galerkin's method with the aid of

Bernstein polynomial.

The approximate solution is

ukx) = x*

Conclusion:

The numerical solutions of delay Volterra integro differential equations are
introduced using Galerkin's method. Some important formulas concerning the
derivative of orthogonal polynomials: Bernstein polynomial have been derived which
are essential to our numerical computations. Three examples were solved and good

results are achieved.

From the table (1) and the figure (1) we can compare between the exact solution
and the approximate solution ,they seems closed to each others, also L.S.E. is too

small.

From the tables (2),(3) and the figures (2),(3) we can see the approximate solution

equal to exact solution , L.S.E. equal to zero.
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Finally from the last result we recommended this method to solve Volterra integro
differential equation by using the above steps.

References:

Ali, H.A.; "Approximated Solutions of Linear Delay Integro Diffeferential Equations,
M.Sc. Thesis, College of Applied Science, Univ. of Technology, Iraq,
Baghdad,(2006).

C.zhang, and S. V and ewalla. Stability Analysis of Volterra Delay —Integro
Differential Equations and Their Dackward Differentiation Time discretization J.
comput. Appl. Math.164-165,PP.797-814,

March,(2004).

Henryk G. and Jose' L. P., On The Approximation Properties of Bernstein
Polynomials Via Probabilistic Tools, Boletin de la Asociacion Matematica
Venezolana, 1.X(1),1, 2003.

Ioan A. Rus and Egri Edith," Numerical and Approximate methods in Some
Mathematical Models", Babes- Bolyai University of Cluj-Napoca,

2006.

K. Engelborghs. T. Luzyanina,K. In ‘t Itout, and D. Roose , Collocation Methods for
The Computation of Periodic Solutions of Delay Differential Equations, SIAM;.
Sci. Comput. 22(5), PP. 1593-1609,(2000).

Lenneth 1.J., "Bernstein Polynomials", Univ. of California,

Davis 2000.

Pahpatie B.,"On Certain Volterra Integral and Integro Differential Equations" Ser.
Mathematics Inform .,Vol 23,PP 1- 12(2008) .

Table (1)
The result of example (1)
exact approximate

X solution solution

0 1 0.9861
0.1 1.1 1.09993
0.2 1.2 1.21376
0.3 1.3 1.32759
0.4 14 1.44142
0.5 1.5 1.55525
0.6 1.6 1.66908
0.7 1.7 1.78291
0.8 1.8 1.89674
0.9 1.9 2.01057

1 2 21244

L.S.E. 0.054618
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Figure (1)
Approximation solution of Volterra integro-differetial equation of example (1)
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Table (2)
The result of example (2)

exact approximate

X solution solution
0 0 0
0.1 0.1 0.1
0.2 0.2 0.2
0.3 0.3 0.3
0.4 0.4 0.4
0.5 0.5 0.5
0.6 0.6 0.6
0.7 0.7 0.7
0.8 0.8 0.8
0.9 0.9 0.9

1 1 1

L.S.E. 0.000
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Figure (2)

Approximation solution of Fredholm integro-differetial equation of example (2)
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Table (3)
The result of example (3)
exact approximate
X solution solution
0 0 0
0.1 0.01 0.01
0.2 0.04 0.04
0.3 0.09 0.09
0.4 0.16 0.16
0.5 0.25 0.25
0.6 0.36 0.36
0.7 0.49 0.49
0.8 0.64 0.64
0.9 0.81 0.81
1 1 1
L.S.E. 0.000
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Figure (3)
Approximation solution of Fredholm integro-differetial equation of example (3)
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