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Numerical Analysis of
Temperature Dependencies of
Optical Elasticity Coefficient
on Lens Induced in Solid-State
Laser Crystal
In this work, one effect of the optical pumping power on the characteristics of a
solid-state Nd:YAG laser was studied. The main parameter considered is the change
in focal length of lens induced in the Nd:YAG crystal due to temperature-dependent
variation in both refractive index and optical elasticity coefficient. The pumpinginduced change in focal length of such lens is an important parameter in laser
design as it determines how long the optical resonator may keep its stability during
operation. It also assigns the main features to be considered in order to obtain the
optimum characteristics of the produced laser beam. This investigation does not
consider all aspects may affect laser operation but it represents a forward step to
understand the intracavity limitations of solid-state, specially Nd:YAG, laser.
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1. Introduction
The Nd:YAG laser is the most common
solid-state laser since its first invention in 1964.
The YAG (Y3Al5O12) crystal is used to host the
Nd+3 ions representing the active medium of
this laser at the characteristics wavelength of
(1.064µm). In Nd:YAG lasers, the optical
resonator is usually opened in order to reduce
the oscillating modes as the length of resonator
is already larger than the laser wavelength to
admit photons to oscillate. In the open
resonator, only few modes, those corresponding
the waves traveling along the resonator axis,
have losses low enough to allow laser
oscillation [1-4].
In order to obtain constructive oscillations
inside the resonator, the length (L) of resonator
should equal an integer (ni) of half wavelength
as follows [1-4]:
n
(1)
L i
2
Furthermore, an important condition should
be satisfied that the electric field of the standing
electromagnetic (EM) wave at both mirrors is
zero. The resonance frequencies (ν) are given as
a function of the velocity of light (c) as [1-4]:
c
(2)
  n( )
2L
This relation implies that the resonator is
under stability condition or near to stability
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threshold. This stability is satisfied if the beam,
which is originally parallel to the axis of laser
cavity, reflects forward and backward between
the two mirrors. Despite, it is supposed that
another beam oscillates slightly out of this axis
and the stable resonator should be able to
reflect such beam too.
To satisfy this situation, the resonator should
have an ability to focus the optical beam. This
can be achieved using one of the two mirrors, at
least, with some curvature. The plane-parallel
resonator cannot satisfy this situation even
though the stability condition is achieved
through the fine alignment. In case of Nd:YAG
laser, the crystal itself can provide the
necessary focusing due to the effect of thermal
lensing induced inside. Considering the
Nd:YAG crystal as a thick lens, the thermal
lensing effect is necessary for stable operation
condition [4-23].
2. Modeling and Treatment
Figure (1) represents an optical resonator of
a solid-state laser. As the laser beam makes one
round-trip inside the optical resonator, it is
hence facing every time two reference planes
represented by both mirrors and according to
the theory of Gaussian beam propagation, it is
possible to define the stability condition of
optical resonator. This laser beam traces a
certain path in every pass beginning from the
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rear (full reflective) mirror. Such beam has a
diameter varying as it travels along the distance
between the rear mirror and the active medium
(Nd:YAG crystal) then passes the crystal
toward the output coupler. Hence, passing the
resonator includes three ABCD matrices those
describe the wave traveling [4, 26-32].
After defining the reference plane, the light
beam can propagate through the resonator and
then return to the original reference plane. Then
there are six matrices describe every round-trip
through the resonator. Multiplication of these
six matrices can be reduced to the ABCD
matrix equivalent to the oscillation as:
A B
(3)
M
C D
According to such expression, the complex
beam factor (q) at different positions inside the
resonator can be defined as [2]:
Aq  B
(4)
q
Cq  D

Fig. (1) Simple Nd:YAG solid-state laser
resonator

The resonator is said to be stable if the
following condition is satisfied:
2

 A B
(5)

 1
 2 
The stable resonator usually confines a
Gaussian mode (TEMoo) with a certain radius
and the value of beam factor (q), at any of the
reference planes, should be deduced after one
complete round-trip in order to consider the
resonator is stable. The following proved
numerical solution to deduce the value of beam
factor (q) can be used as [5-10, 33-37]:
1 D A
i
(6)


4  ( A  D) 2
q
2B
2B
where the second term containing (i) is the
imaginary part of this solution. In order to keep
the beam radius always real, the term under
square root should be kept positive [9-10].
36

Presence of the active medium inside the
optical resonator changes the optical path
length of light beam through the resonator as
well as the distribution of transverse modes.
Such change in the optical path occurs due to
the effect of thermal lens in the active medium
crystal in addition to that of the mechanically
induced birefringence. For simplicity, this
effect can be represented by a simple thin lens
of a focal length (f), despite the fact that the
Nd:YAG crystal behaves in a manner more
complicate than a simple thin lens [4, 38-39].
The focal length (f) can be used to determine
the stability of resonator throughout two
parameters, each is a function to the resonator
length and the optical components inside. These
parameters are defined as:
L
L
(7a)
g1  1  2  o
f
R1
L L
(7b)
g2  1  1  o
f R2
where R1 and R2 are the radii of both mirrors
and Lo is given as:
LL
(8)
Lo  L1  L2  ( 1 2 )
f
where f is the focal length of the real lens, L1
and L2 are distance from the rear and output
mirrors, respectively, to the thermal lens.
If the two mirrors are plane and identical, then
it is possible to indicate that the ratio between
the two resonator parameters is equal to the
ratio between the two spot sizes or beam radii at
mirrors as [3,14,16,22]:

g1 w12

g 2 w22

(9)

The resonator parameters g1 and g2, hence
the beam radii w1 and w2, are determined as a
function of the focal length (f) of the supposed
thin lens as:

L
2f

(10a)

1

L
)(1  g 2 ) 2


(10b)

g  g1  g 2  1 

w12  w22  (

The Nd:YAG crystal has several
characteristics make it the most common
among the too much crystals used as active
media to produce lasers. In order the crystal to
be a suitable host for the active ions, it should
be transparent for the pumping light and a small
absorption as possible as for the produced laser
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wavelength in addition to good mechanical
properties [4, 40-44].
Knowing the fact that the crystal is subjected
to severe thermal stresses due to flash lamp
pumping, it is necessary that the crystal should
have good thermal conductivity and low
thermal expansion modulus. These two
properties are necessary to ensure that heat
being dissipated efficiently and the crystal
dimensions do not change during operation.
Also, the crystal melting temperature should be
high enough to prevent the applied pumping
energy, as well as heat generated from, rise
crystal temperature to the melting point [3-4].
The Nd:YAG crystal is optically symmetric
and has a cubic structure which is a
characteristic for garnet crystals. Furthermore,
its optical properties make it an ideal choice as
an active medium for laser [45-52].
One of the very good physical properties of
Nd:YAG crystal is the stable crystalline
structure from the lower temperatures to the
melting point,
hence
no
solid-phase
transformations does occur [3]. Despite that the
toughness and hardness of Nd:YAG crystal are
lower than those of ruby, Nd:YAG crystals do
not break in held and can be produced by the
ordinary manufacturing techniques. Attempts to
increase doping levels in YAG crystals with
Nd+3 ions, in order to satisfy higher gain, lead to
distortions through the lattice of YAG crystal
because the neodymium ion is slightly larger in
diameter than the yttrium atoms. This also led
to shorten the fluorescence lifetime. So, doping
level is determined to 2% [3, 11-20].
Table (1) indicates the mechanical, optical
and physical properties of common Nd:YAG
crystals considered in the treatment and
computations.
3. Results and Discussion
As someone may consider this investigation
a historical review, the following viewpoint is
worthy to be assigned. In order to present a
conceptual treatment in both analytical and
numerical frames, as well as explain the
development of pumping theory and its effects
on laser operation since the first decade of laser
invention to nowadays, a wide survey for the
previous works interesting to the aim of this
investigation was performed. Hence, the
treatment presented forward mainly represents
an improvement for results presented in
reference [52] and it had considered results of
references [5-55].
ISSN 1813 - 2065

The thermal lens induced in crystal is a
result to the high thermal stresses generated in
the crystal during the pumping, so its effect
depends extremely on pumping power and
cooling system efficiency. Such effects are too
important and cannot be neglected in laser
system design. In pulsed laser systems, it is
noted that thermal equilibrium condition is not
satisfied at repetition rates lower than 5Hz [2125] whereas it is neglected in case of CW laser
systems. The resultant of thermal stresses is
merely gradient in laser beam quality due the
thermal lens and the possible fracture of laser
crystal if the thermally induced stress exceeds
tensile strength of the material [26-31].
Table (2) the mechanical, optical and physical
properties of common Nd:YAG crystals
considered in the treatment and computations
Property
Refractive index (n)
Extinction Ratio
dn/dT
Stimulated Emission Cross-Section ()
Young’s modulus
Poison’s ratio
Specific Heat (cp)
Coefficient of Thermal Expansion
Density ()
Melting Temperature
Coefficient of Heat Transfer by
Convection (hc)
Thermal Conductivity (k)
Radial Optical Elasticity Coefficient
(Cr)
Tangentional Optical Elasticity
Coefficient (C)
Outer Diameter of Crystal (2ro)
Length of Crystal (Lc)

Value
1.82
30 dB
7.3x10-6 K-1
2.8x10-19 cm2
310 Gpa
0.27
0.14 cal/g.°C
7.8x10-6 /°C
4.56 g/cm3
1970 °C
1.25 W/cm2.°C
0.13 W/cm.K
0.017
- 0.0025
5 mm
5 cm

In order to determine the focal length of
crystal theoretically, it should first introduce the
effect of changing refractive index depending
on temperature and stress as follows:
(11)
n(r )  no  n(r )T  n(r ) S
where n(r) is the change in refractive index in
radial direction, no is the refractive index at
center of crystal, Δn(r)T is the temperaturedependent change in refractive index, and
Δn(r)S is the stress-dependent change in
refractive index
The heat (Q) generated per unit volume in
laser crystal due to pumping process is given
as:
P
(12)
Q  2a
ro Lc
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Where Lc and r0 are the length and outer radius
of Nd:YAG crystal, respectively, and Pa is the
thermal power absorbed by the crystal as the
steady-state condition being satisfied, i.e., the
absorbed heat is equal to the heat dissipated by
cooling at surface of crystal, and is given by:
1
Pa  ro2 Lc Q  2ro Lc ( roQ)  2ro Lc (hc T ) (13)
2

where hc is the coefficient of heat transfer by
convection, and ΔT is given by
(14)
T  T (ro )  TF
where TF is the cooling temperature
Figure (2) indicates the variation of
absorbed power by the Nd:YAG crystal with
the difference between surface and cooling
temperature. Then, equation (12) can be
rewritten as:
2h T
(15)
Q c
ro
and
T  TR
(16)
T (ro )  Touter  L
2
where T(r0) is the temperature at the surface of
crystal, TL and TR are crystal temperature from
the left and right side, respectively
Equation (16) is in fact the average
temperature between both sides of crystal.
Hence
(17)
Pa  2ro LcT (ro )  TF
Also, the temperature at the center of crystal is
given by:
1
1
(18)
Tc  TF  Pa [

]
4kLc 2ro Lc hc
and the radial distribution of temperature (T(r))
is determined by:
Q
(19)
T (r )  T (ro )  ( )(ro2  r 2 )
4k
Regarding to eq. (11), the temperaturedependent change in refractive index is
determined by change in temperature between
surface and center of crystal. So, the change in
refractive index due to thermal effects is
determined as [3, 32-35]:
dn
(20)
n(r )T  [T (r )  T (0)]( )
dT
and as a function to heat generated as [3, 3637]:
Q dn
(21)
n(r )T   ( )r 2
4k dT

38

Fig. (2) Variation of absorbed power by the
Nd:YAG crystal with the different values of the
difference between surface and cooling
temperatures
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As shown, refractive index changes with the
squared value of radius (r) and the laser beam
will have a spatial change in phase as it travels
along the crystal axis. This effect is identical to
that resulted from a spherical lens, then the
refractive index is given as [3]:
2r 2
(22)
n(r )  no (1  2 )
b
where b is the transverse derivative
Before submitting the definition of the
transverse derivative, it is worthy to introduce
the concept of quadratic duct.
Supposing a light beam propagates through
a crystal, the partition of beam near to the outer
edge conflict to a region of refractive index
lower than that at the center. This causes the
outer partition of beam to traverse faster due to
the lower value of refractive index, whereas the
inner partition traverse slower. As a result, the
light beam is bending always toward the central
axis of crystal and this concept is known as
stable quadratic duct as shown in Fig. (3).
Accordingly, the refractive index will change in
both radial and tangentional directions as
follows [2, 17, 34-37]:
1
(23)
n2 (r , z )  no ( z )  n2 ( z )r 2
2
where no(z) is the change along crystal axis and
n2(z) is defined as:
 2 n( r , z )
(24)
n2 ( z )  
r 2 r 0
For testing, the value of n2 is usually chosen
at 0.5ro but it can be determined precisely by
integration from r=0 to r=ro. Equation (24)
represents the downward bending term of
refractive index at the central axis. For
Nd:YAG
crystal
considered
in
this
investigation, the value of n2(z) is (3.1062x10-5
cm-2). Accordingly, the transverse derivative (b)
can be defined as [34-35]:

b2 

n2
no

(25)

The focal length of a quadratic duct, as in an
Nd:YAG crystal, is given by [3]:
b2
(26)
f 
4no Lc
where the focal length is supposed very long
compared to crystal length (Lc). Then the
transverse derivative can be expressed by:
4k 1 dn
(27)
b2 
(
 no2C r , ) 1
Q 2no dT

ISSN 1813 - 2065

where α is the thermal expansion coefficient, k
is thermal conductivity of crystal material and
Cr,ϕ is the polarization-dependent optical
elasticity coefficient, which is definitely
wavelength-dependent but in this treatment,
then, for simplicity, it is supposed that the
polarization state is constant with wavelength.

Fig. (3) Path of a ray in a medium with a
quadratic index variation [4]

The total change in refractive index due to
both thermal and stress effects is given as [3,
38-40]:
Q 1 dn
(28)
n(r )  no [1 
(
 no2Cr , )r 2 ]
2k 2no dT

Now, the focal length of a lens with a
refractive index varying as in eq. (28) is given
by [3]:
k 1 dn
(29)
f 
(
 Cr , no3 ) 1
QLc 2 dT
The change of refractive index due to the
thermal strain depends on the polarization case
of the incident light, so the optical elasticity
coefficient (Cr,ϕ) has two components,
tangentional (fr) and radial (fϕ), as shown in Fig.
(4):
r (n  1) 1
A 1 dn
(30)
fr  k [
 Cr no3  o o
]
Pa 2 dT
Lc

r
(
n  1) 1
A 1 dn
f  k [
 C no3  o o
]
Pa 2 dT
Lc

(31)

where A is the crystal cross-section area
Regarding to the description considered in
light beam propagation in a thin lens-like
medium of focal length (f), equation (29) can be
rewritten as:
1 QLc 1 dn
(32)

(
 Cr , no3 )
f
k 2 dT
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Fig. (4) Variation of refractive index with the lens
focal length due to the thermal strain depends on
the polarization case of the incident light

Fig. (5) Variation of the induced focal length (1/f)
of the lens with the absorbed power (Pa) for both
cases of polarization at ΔT=1°C

Physically, the Nd:YAG crystal cannot be
considered as a thin lens as its length does not
match such suppose. Although, thin lens
40

approximation can be applied at a localized
region inside Nd:YAG crystal where the effect
of thermal lensing being supposed to appear.
The main conclusion of this investigation is
the following expression:
1
d( )
d QLc 1 dn
f
(33)

[
(
 Cr , no3 )]
dPin
dPin k 2 dT
where Pin is the optical pumping power
Equation (33) is a relation between the
optical pumping power and the corresponding
change in the crystal focal length and is also
represented in Fig. (5).
Such relation represents a sensitivity factor
of the active medium crystal. It may be shown
that if the thermal lens appears at the beginning
of crystal (z=0) and it is required to confine its
effect inside the crystal (i.e., f=Lc) then the
absorbed power should not exceed (0.7mW).
The expression in eq. (33) can be introduced as
the pumping-induced change in focal length of
thermal lens.
4. Conclusions
According to the treatment presented in this
investigation, it can be concluded that the effect
of optical pumping power on a solid-state laser
operation includes two main components,
thermal-dependent
and
stress-dependent
changes. With respect to the second aspect, it
mainly affect the lattice of crystal in a manner
distorting its uniform responding to the incident
pumping light beam. Such effect can be
avoided, to a tolerated degree, throughout
enhancing mechanical and physical properties
of crystal as they determined by manufacturing
processes. Recently, there is a large interest to
such considerations. While the first aspect is the
most important since it relates originally to the
pumping process. Thermal effect affects several
parameters in a solid-system laser system such
as refractive index, optical elasticity coefficient
and physical dimensions of crystal, hence the
focal length of thermal lens generated inside the
active medium (crystal) as termed above. The
change of term (1/f) with the input power
represents an important parameter describing
the responsivity of active medium to the input
pumping power. Also, it is very important in
laser design since it ensures that the resonator
still active over the total range of operation
power. The laser system should be able to held
several changes affecting the change of this
parameter with input power such as flash lamp

IRAQI SOCIETY FOR ALTERNATIVE AND RENEWABLE ENERGY SOURCES AND TECHNIQUES

IRAQI JOURNAL OF APPLIED PHYSICS
Vol. (14), No. (2), April-June 2018, pp. 35-42

aging and fluctuations in power supply and
cooling system.
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