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Abstract
A theoretical solution is presented for polymeric thick pressurized cylinder,
where material behaviour is described by the modified Von Mises criterion. The
solution is carried out using different values of Yc/Yt ratio to demonstrate their effects
on the plastic zone radius and on the radial and hoop stresses also on the residual
stress components.
The results is indicated that the influence of α ratio or (Yc/Yt) ratio on the
plastic zone radius and stress distributions is significant, and it can be shown that ,
when α ratio increases the plastic zone radius decreases , the value of α ratio has no
effect on the value and distribution of radial stress, and when α ratio increases the
level of the hoop stress increases in the plastic zone and decreases in the elastic zone
and the value of α ratio is directly proportional to the value of residual radial and
hoop stresses in the cylinder. A published finite element results give a reasonable
agreement with the obtained results.
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 ﻗﺴم ﻫﻨدﺴﺔ اﻝﻤﻀﺨﺎت-  اﻝﻤﺴﻴب/ *اﻝﻜﻠﻴﺔ اﻝﺘﻘﻨﻴﺔ
اﻝﺨﻼﺼﺔ
 ﻝﻘد اﺴﺘﺨدم.ﻓﻲ ﻫذا اﻝﺒﺤث ﺘم دراﺴﺔ وﺘﻘدﻴم ﺤل ﻨظري ﻝﻼﺴطواﻨﺎت اﻝﺒوﻝﻴﻤﻴرﻴﺔ اﻝﺴﻤﻴﻜﺔ اﻝﺠدران
Yc/Yt  اﻝﺤل ﺘم ﺒﺎﺴﺘﻌﻤﺎل ﻗﻴم ﻤﺨﺘﻠﻔﺔ ﻝـ.ﻝوﺼف ﺴﻠوك اﻝﻤﺎدة ﻤﻌﻴﺎرﻴﺔ ﻓون ﻤﻴﺴز اﻝﻤطورة
ﻝﺘوﻀﻴﺢ ﺘﺄﺜﻴرﻫﺎ ﻋﻠﻰ ﻨﺼف ﻗطر ﻤﺠﺎل اﻝﻠدوﻨﺔ وﻋﻠﻰ ﺘوزﻴﻊ اﻻﺠﻬﺎدات اﻝﻘطرﻴﺔ واﻝﺤﻠﻘﻴﺔ وﻜذﻝك
 واﻀﺤﺔ ﻋﻠﻰ ﻤﺠﺎلα  او ﻨﺴﺒﺔYc/Yt  ﺘﺸﻴر اﻝﻨﺘﺎﺌﺞ ان ﺘﺄﺜﻴر ﻨﺴﺒﺔ.ﻤرﻜﺒﺎت اﻻﺠﻬﺎدات اﻝﻤﺘﺒﻘﻴﺔ
 ﻓﺎن ﻨﺼف ﻗطرα  ﺤﻴث ﺘﺒﻴن اﻨﻪ ﻋﻨد زﻴﺎدة ﻨﺴﺒﺔ، ﻨﺼف ﻗطر اﻝﻠدوﻨﺔ وﻋﻠﻰ ﺘوزﻴﻊ اﻻﺠﻬﺎدات
 ﺤﻴث اﻨﻪ ﻋﻨد، ﻻ ﺘﺄﺜﻴر ﻝﻬﺎ ﻋﻠﻰ ﻗﻴم وﺘوزﻴﻊ اﻻﺠﻬﺎد اﻝﻘطريα ﻤﺠﺎل اﻝﻠدوﻨﺔ ﺴوف ﻴﻘل وان ﻗﻴﻤﺔ
 ﺤﻴث ان، ﻓﺎن اﻻﺠﻬﺎد اﻝﺤﻠﻘﻲ ﺴوف ﻴزداد ﻓﻲ ﻤﺠﺎل اﻝﻠدوﻨﺔ وﻴﻘل ﻀﻤن ﻤﺠﺎل اﻝﻤروﻨﺔα زﻴﺎدة
 ﺘم ﻤﻘﺎرﻨﺔ ﻨﺘﺎﺌﺞ. ﺘﺘﻨﺎﺴب طردﻴﺎ ﻤﻊ ﻗﻴﻤﺔ اﻻﺠﻬﺎد اﻝﻤﺘﺒﻘﻲ واﻻﺠﻬﺎد اﻝﺤﻠﻘﻲ ﻓﻲ اﻻﺴطواﻨﺔα ﻗﻴﻤﺔ
. واﻝﺘﻲ اظﻬرت ﺘﻘﺎرﺒﺎ ﻤﻘﺒوﻻ،اﻝﺤل اﻝﻨظري ﻤﻊ ﻨﺘﺎﺌﺞ طرﻴﻘﺔ اﻝﻌﻨﺎﺼر اﻝﻤﺤددة
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Introduction
The formulation of elasto-plastic relation for a complex problem under multiaxial
stresses can be achieved by assuming a reasonable mathematical model to correlate
between the uniaxial test results and the multiaxial cases.
The general relation between stress and strain can be obtained in terms of the uniaxial
behaviour, by specifying the following rules and conditions [1].
(i) The elastic stress–strain relations, (ii) An initial yield condition, (iii) A flow rule
which relates the plastic strain increments to the stresses and stress increments, and (iv)
A hardening rule for establishing the conditions for subsequent yield from a plastic
state. It is necessary to have an initial yield condition which characterize the transition
of a material from the elastic state to the state of yielding under any possible
combination of stresses. One of the most widely used yield criteria for metallic
materials is the Von Mises criterion. The Von Mises criterion is based on the
assumption that the hydrostatic stress has no effect on yielding of metallic materials, i.e
the only effective component is the deviatoric stress. While for polymetric materials,
the following additional points have to be taken into consideration [2,3] (i)The
hydrostatic stress effect, (ii) Tensile and compressive yield stresses are not necessarily
equal.
The modified pressure Von Mises yield criterion takes into account the above two
points. The actual variations between the Von Mises and the modified Von Mises yield
criterion can be seen in the present work by comparing the results of the solution for
the thick cylinder. Hani [4] studied the thermo-elasto- plastic behavior of the thick wall
pressurized cylinder for metallic and polymeric materials by finite element method.
Rogge et al [5] use the FEM package “NONSAP” to compare between the Von Mises
and modified Von Mises yield criteria. Najdat et al [6] studied the effect of yield stress
on the stress distribution of thick walled pressurized cylinder using finite element
method and Davidson et al [7] studied the residual stresses in thick walled cylinders
resulting from mechanically induced overstrain. Hani [8] studied the theoretical elastoplastic analysis of thick pressurized cylinder using tresca yield criterion. In this study
the complete theoretical elasto-plastic solution and calculating the residual stresses for
thick walled cylinder is presented using modified Von Mises yield criterion.
Pressure Modified Von Mises Yield Criterion
The distortion energy theory or Von Mises criterion assumes that yielding begins
when the distortion energy in a multiaxial problem is equal to the distortion energy at
yielding in a simple uniaxial test. Using this criterion or condition, it can be shown that
the yield surface in a three dimensional stress space is represented by [9]
(σ 1 − σ 2 ) 2 + (σ 2 − σ 3 ) 2 + (σ 3 − σ 1 ) 2 = 2Y 2
By substituting Yc and Yt in place of Y2 in the above equation, it can be deduced that:
(σ 1 − σ 2 ) 2 + (σ 2 − σ 3 ) 2 + (σ 3 − σ 1 ) 2 + C1 (σ 1 + σ 2 + σ 3 ) = 2Yc Yt …………………….(1
)
Where: C1 is a constant to be determined.
To find the value of C1, the uniaxial case can be considered as follows:
σ1 = σ x , σ 2 = σ 3 = 0
Then equation (1) becomes:
2
2σ x + C1σ x = 2Yt Yc
or
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If σ x equals to the yield stress ( Yt or Yc ), then it can be shown that:
If σ x = Yt
⇒ C1 = 2(Yc − Yt )
If σ x = −Yc
⇒ C1 = 2(Yc − Yt )
Substituting for C1 , equation (1) becomes
(σ 1 − σ 2 ) 2 + (σ 2 − σ 3 ) 2 + (σ 3 − σ 1 ) 2 + 2(Yc − Yt )(σ 1 + σ 2 + σ 3 ) = 2Yc Yt …… …….(2)
The above equation is similar to the equation of modified Von Mines mentioned in
Ref.[2] and [3], and it can be rewritten as follows:
σ e = 2Ye
Where
1
σ e = σ 2 + 3∇σ m , σ m = (σ 1 + σ 2 + σ 3 ) , σ = 3J 2 ,
3
1
J 2 = [(σ 1 − σ m ) 2 + (σ 2 − σ m ) 2 + (σ 3 − σ m ) 2 ] , and ∇ = Yc − Yt , Ye = Yc Yt
2
Elastic Expansion and Initial Yielding
Consider a thick-walled cylinder, with inner radius (a), and the external radius (b),
which is subjected to an internal pressure “P” . The material is assumed to be elastic
ideally plastic. The equilibrium equation for the pressurized cylinder can be written as
follows [10,11]:
∂σ r σ θ − σ r
=
……………………………………………………….….(3)
∂r
r
This equilibrium equation can be integrated to obtain the general elastic solution:
b
a

2

2

b
and σ θ = Av [1 +   ]
……………………………(4)
a
P
b
Where: Av = 2
and λ =
a
λ −1
This is known as Lame’s equation. The longitudinal stress for plane strain condition
( ε z = 0 ) may be written from Hooke’s law as:
σ z = υ (σ r + σ θ ) = 2υAv
If the material yields according to the modified Von Mises criterion, i.e polymeric
materials, it can then be shown from equation (2) that:
(σ r − σ θ ) 2 + (σ θ − σ z ) 2 + (σ z − σ r ) 2 + 2(Yc − Yt )(σ r + σ θ + σ z ) = 2Yc Yt
Which can be simplified to:

σ r = Av [1 −   ]

4

b
Av [ 3   + (1 − 2υ ) 2 + 2(Yc − Yt ) Av (1 + υ )] = Yc Yt
……………………………(5)
r
The second and third terms on the left-hand side are independent of r, and the term
b
( ) 4 has the greatest value where r = a . Hence yielding begins at the inner radius when
r
the applied pressure becomes:
2

P=

Yt (λ2 − 1)
b
3( ) 4 + (1 − 2υ ) 2
r

…………………….…………………………………(6)
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Yc
, and P is the minimum value of the internal pressure to initiate yield in
Yt

the cylinder
Elastic- Plastic Expansion
When the internal pressure exceeds P , a plastic zone spreads out from the inner
radius, hence the elastic-plastic boundary at any stage becomes of radius ‘c’. The stress
distribution in the elastic zone (i.e at c ≤ r ≤ b ) can be written as follows:
2

b
σ r = Av′ [1 −   ]
r

…………………………………………………………(7)
2

b
and σ θ = Av′ [1 +   ]
…………………………………………………….(8)
r
where Av′ can be obtained from equation (5) with r = c as follows:

b
(1 − α )(1 + υ ) + (α − 1) 2 (1 + υ ) 2 + α [3( ) 4 + (1 − 2υ ) 2 ]
c
Av′ =
Yt
……………….(9)
b 4
2
3( ) + (1 − 2υ )
c
The radial stress component in the plastic zone can be evaluated from the
equilibrium equation by means of Runge-Kutta method. While the hoop stress
component can be obtained for a given value of radial stress, provided that:
σ θ = 2Yc Yt , by means of Newton-Raphson algorithm .
Residual Stresses
The result of simple tensile test shown that when materials are loaded beyond the
yield point the resulting deformation does not disappear completely when load is
removed and the material is subjected to permanent deformation or so called permanent
strain[7] . Residual stresses are therefore produced. In order to determine the magnitude
of these residual stresses in the thick cylinder it is normally assumed that the unloading
process from either partially plastic or fully plastic states is completely elastic. The
unloading stress distribution is therefore linear and it can be subtracted graphically
from the stress distribution in the plastic or partially plastic state to obtain the residual
stresses.
Suppose that a thick-walled cylinder which is rendered partially plastic by the
application of an internal pressure (P) is completely unloaded by releasing the pressure.
For sufficiently small value of (P). Then the residual components can be written as
follows:
For the region (c ≤ r ≤ b)
(σ r ) R = (σ r )1 − (σ r ) e , (σ h ) R = (σ h )1 − (σ h ) e
For the region (a ≤ r ≤ c)
(σ r ) R = (σ r ) 2 − (σ r ) e , (σ h ) R = (σ h ) 2 − (σ h ) e
Where
(σ r ) R , (σ h ) R residual hoop and radial stresses respectively .

408

Dr. Hani et., al. The Iraqi Journal For Mechanical And Material Engineering, Vol. 11,No. 3, 2011

Case studies
Case one
In this case a thick cylinder is subjected to an internal pressure of (1000, 1050, 1100,
1150, 1200) psi which is equivalent to (6.895, 7.239, 7.584, 7.929, 8.274) MPa
respectively. The modified Von Mises criterion is assumed with different values of
(Yc/Yt) or of α ratio. The main dimensions of this case and material properties are as
follows:
a = 1.333 in (3.385 cm), b= 2.0 in (5.08 cm), E=134000 psi (923.93 MPa), with elastic
ideally plastic material υ =0.47, Yt=2750 psi (18.961 MPa) , α = 1.0, 1.2, 1.35, 1.5, and
2.0 .
Fig(1) shows the location of the elastic-plastic interfaces as a function of α ratio and
the internal pressure. The theoretical results show a reasonable agreement with the
finite element results published by [5]. However, it is clear that the FEM results begin
to diverge from the theoretical at high plastic deformation. The deviations between the
two sets of results increase with the increasing of the pressure.
Fig(2) shows the variation of the plastic percentage of the cross-section with the
internal pressures at different values of α ratio. It can be deduced that the plastic zone
radius is increased with decreasing the value of α ratio. This example can be
considered as a verification case study for the theoretical solution and its numerical
algorithms.
Case Two
In this case, thick cylinder is tested with b/a ratio equals to 2. This cylinder is
subjected to an internal pressure which is varied from 12 to 20 MPa. The main
dimensions and material properties are as follows:
a=100 mm , b=200 mm, υ = 0.4, Yt=24MPa , α = 1.0, 1.25, and 1.5
Figs(3-5) show the distributions of the dimensionless radial stress ( σ r / Yt ) over
traverse section of the cylinder at different values of α ratio and with internal pressure
of 12, 14, and 16 MPa. The results indicate that the α ratio has no influence on the
distribution of the radial stresses. While the α ratio has great influence on the value
and distribution of the dimensionless hoop stress ( σ θ / Yt ) as shown in Figs(6-8).
It is clear from Figs(6-8), that when the internal pressure increases, the plastic zone
spread out in the cylinder of α = 1 is more rapid than that of α = 1.25 and which is in
turn more rapid than of α =1.5 . Fig(6), where the applied internal pressure equals to 12
MPa, shows that the yielding occurs in cases of α = 1 and of α =1.25 and therefore the
behaviour of the cylinder material is elastic–partially plastic. While for case of α =1.5
there is nearly no yielding and the stress is almost but not quite elastic.
Figs(9-11) show the variation of the dimensionless residual radial stress over the
traverse section of the cylinder. At a given value of the internal pressure, it can be
deduced that there is an indirect proportionality between α ratio and the dimensionless
residual radial stress. In Fig(9) the residual radial stress for the case of α =1.5 equals to
positive value while it should be negative or nearly equals to zero. The positive value is
due to the numerical instability occurring in the calculations as a result of the very
small plastic deformation in the cylinder.
Also an indirect proportionality between α ratio and the dimensionless residual hoop
stress can be seen from Figs(12-14). It can be seen that in the case where the internal
pressure is 12 MPa (or P/Yt= 0.5) with α =1.5 the residual hoop stress is nearly equal
to zero as a result of the only elastic deformation in the cylinder, while for α less than
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1.5 the amount of plastic deformation in the cylinder is increased and therefore the
value of the residual hoop stress is also increased.
Fig(15) shows the variation of the dimensionless plastic zone radius (c/a) with the
dimensionless internal pressure (P/Yt). It is interesting to note that the plastic zone
radius “c” is proportional to α ratio for a given internal pressure. It is clear that at
P/Yt=0.5 and for case of α =1.5 the plastic radius is nearly equal to the inner radius of
the cylinder.
Conclusions
A new theoretical elastic ideally plastic model for polymeric thick-walled cylinder
using the modified Von Mises yield criterion has been proposed. The theoretical
results indicate that the influence of α ratio or (Yc/Yt) ratio on the plastic zone radius
and stress distributions is significant, and it can be deduced that:
(i)
When α ratio increases the plastic zone radius decreases.
(ii) The value of α ratio has no effect on the value and distribution of radial stress.
(iii) When α ratio increases the level of the hoop stress increases in the plastic
zone and decreases in the elastic zone.
(iv) The value of α ratio is directly proportional to the value of residual radial and
hoop stresses in the cylinder.

Fig.(1) Location of the elastic-plastic interfaces for thick
cylinder at different values of α ratio
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Fig.(2) Location of the elastic-plastic interfaces for thick
cylinder at different values of α ratio ( theoretical results)

Fig.(3) Distribution of ( σ r / Yt ) with (r/a) at (P/Yt) = 0.5

Fig.(4) Distribution of ( σ r / Yt ) with (r/a) at (P/Yt) = 0.5833
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Fig.(5) Distribution of ( σ r / Yt ) with (r/a) at (P/Yt) = 0.6

Fig.(6) Distribution of ( σ θ / Yt ) with (r/a) at (P/Yt) = 0.5

Fig.(7) Distribution of ( σ θ / Yt ) with (r/a) at (P/Yt) = 0.5833
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Fig.(8) Distribution of ( σ θ / Yt ) with (r/a) at (P/Yt) = 0.6

Fig.(9) Distribution of residual ( σ r / Yt ) with (r/a) at (P/Yt) = 0.5

Fig.(10) Distribution of residual ( σ r / Yt ) with (r/a) at (P/Yt) = 0.5833
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Fig.(11) Distribution of residual ( σ r / Yt ) with (r/a) at (P/Yt) = 0.6

Fig.(12) Distribution of residual ( σ θ / Yt ) with (r/a) at (P/Yt) = 0.5

Fig.(13) Distribution of residual ( σ θ / Yt ) with (r/a) at (P/Yt) = 0.5833
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Fig.(14) Distribution of residual ( σ θ / Yt ) with (r/a) at (P/Yt) = 0.6

Fig.(15) Variation of (Plastic zone radius / a ) with (P/Yt)
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Notation
Symbol
a,b
E
α
P
c
r
σ 1 ,σ 2 ,σ 3
Yt, Yc
Y

σ
σe

Ye

σm
J2

υ

σ r ,σ θ ,σ z
(σ r ) e , (σ h ) e
(σ r )1 , (σ h )1
(σ r ) 2 , (σ h ) 2
(σ r ) R , (σ h ) R
λ

Definition
inner and outer radius of cylinder
modulus of elasticity
ratio of Yc/Yt
internal pressure
elasto-plastic boundary radius
variable radius
principal stress components
absolute tensile and compressive yield stresses, respectively
yield stress ( when Yc=Yt)
effective stress
equivalent effective stress
equivalent yield stress
mean or hydrostatic stress
second invariant of deviatoric stresses
Possion’s ratio
radial, hoop , and longitudinal stress , respectively
elastic radial & hoop stress
plastic radial & hoop at a ≤ r ≤ c
plastic radial & hoop at c ≤ r ≤ b
residual radial & hoop stress
b
ratio of
a
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