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Abstract
In this work, for an electro-optic (EO) crystal, various thermo-optic (TO) and relevant temperaturedependence parameters are defined, presented and studied in the framework of a transverse and a
longitudinal EO-modulation system. This study has been based on the concept of the so-called opto-electrical
bias (φ) applied to the system. For both of the above EO-modulation systems a set of four original equations
has been extracted and is investigated as regards each of the more important TO or temperature coefficients.
Using these equations, for these parameters the role of the transverse configuration is examined in
comparison with its corresponding longitudinal configuration. A calculation of uncertaintities in the
determination of the principal temperature coefficients concludes the paper.
Keywords: Electro-optic and Thermo-optic effects.

1. Introduction
It is known that electro-optic (EO) crystals
used in an intensity-modulation (IM) electro-optic
system exhibit an EO response that may be
strongly affected by thermo-optic (TO) and
relevant temperature effects [1, 2, 3]. In the entire
EO modulation system, these effects can be
examined via their influence on the position and
thermal stability of the operating point over the
system’s characteristic (transfer) curve [3]. Under
these conditions, the concept and the role of the
applied optical and electrical bias may be
important [4]. The present work presents a novel
consideration of the electro-optic and thermo-optic
effects which are made on the basis of the
combined opto-electrical (optical and electrical)
bias and the corresponding thermal stability along
the aforementioned transfer curve [3]. In this
framework, our interest has been focused the
thermo-optic behaviour of an EO modulator crystal
as it is

expressed by the influence of temperature T on
crystal’s optical or electro-optical quantities such
as the refractive indices, n0 and ne, the effective EO
coefficient r, the spontaneous birefringence ∆n(0),
the half-wave voltage Vπ, the optical phase
retardation Γ, and the intensity-modulation (IM)
depth m of the entire EO-modulation system. After
stating the appropriate definitions of the
corresponding thermo-optic and temperature
coefficients, we have derived and presented useful
original equations connecting these parameters
when either a transverse or a longitudinal
configuration is used in the IM EO-modulation
system. Then we present investigations of these
equations as regards the above parameters and
calculations of the uncertaintities in the
determination of temperature coefficients for the
effective EO coefficient r, the half-wave voltage
Vπ, and the IM depth m.
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2. Typical transverse and longitudinal configurations of the system
EO systems used for optical intensity modulation
(IM) or for EO and/or TO measurements are often
based on Sénarmont-type arrangements such as
those shown in Fig. 1 [3, 5]. As seen, the EO
crystal sample S is placed between a polarizer P
and a quarter-wave plate Q, with its neutral axes
oriented at 450 to the axes of the crystal and the

polarizer. This quarter-wave plate is backed by a
rotatable analyzer A, positioned at an azimuthal
angle β, which allows to measure the changes of
the optical phase retardation Γ introduced by the
crystal
sample.
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Figure 1: Electro-optic modulation system (Sénarmont setup): (a) Transverse EO-modulation
configuration and (b) Longitudinal EO-modulation configuration.

In general, for systems of the above kind, the
transfer function of the transmitted laser light
intensity I can be put in the form I=f(φ), where φ is
a quantity called the opto-electrical bias of the
system and defined by [3]
ϕ = Γ − 2β .
…. (1)
More precisely, for systems such as those shown in
Fig. 1 the transfer function becomes [3, 6]

T=

I T

0 0

2

(1 − sin ϕ )

to the input polarizer and the transmission factor T0
stands to take into account the losses of light due to
reflections and absorptions inside the system.
In what follows, the crystal sample is assumed
linearly electro-optic in the sense that, in the
presence of an applied electric field E=V/s (where
V is the applied voltage and s the electrode
spacing), a field-induced birefringence [7, 8]

1
n 3r
∆ n E = n 3rE =
V
2
2s

…. (2)

….(3)

is superimposed on the natural birefringence ∆n(0),
with r representing the effective EO coefficient and

where I0 denotes the intensity of laser light incident
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n the active refractive index of the sample.
Applying to the last of Eq. (3) the well-known
formula [3]

 2π L 
Γ =
∆ n ,
 λ0 

By contrast, in the case of a longitudinal EOmodulator, in which the applied electric field is
directed parallel to the laser beam, as shown in Fig.
1b, the electrode spacing s is equal to L and
therefore Eq. (6) yields for the half-wave voltage
the formula

…. (4)

where L is the length of the crystal (along the laser
beam) and λ0 the wavelength of the laser beam in a
vacuum and equal to (632.8 nm), one obtains for
the field-induced optical phase retardation the
expression

π
V
ΓE =   Ln 3rE = π  ,
 λ0 
 Vπ 
where

Vπ =

λ0  s 
 
n 3r  L 

Vπ =

…. (8)

Accordingly, for the longitudinal configuration
under consideration the half-wave voltage of the
crystal is independent on its dimensions, and their
thermal expansions, and depends only on the
thermo-optic effects affecting the refractive index
and the EO coefficient of the crystal.
When either of the entire systems of Fig. 1 is used
for (IM) electro-optic modulation, the I-φ curve,
representing the transfer function according to Eq.
(2), can be taken as the characteristic curve of the
system (Fig. 2). As it can be seen from Eqs. (1)(5), the position of the quiescent point on this
characteristic curve is controlled by the optoelectrical bias φ and can be established by
adjusting either the azimuthal angle β of the
analyzer (optical bias) or/and the applied electric
dc voltage V=Vdc (electrical bias) which controls

…. (5)

…… (6)

is the half-wave voltage of the crystal sample for
the configuration under consideration.
In the case of a transverse EO modulator, the
applied electric field E is directed perpendicular to
the laser beam, as shown in Fig. 1a, and therefore
the electrode spacing s will be equal to the crystal
thickness d. Consequently, as a result of Eq. (6),
for this configuration the half-wave voltage will be
given by the relationship

 λ  d 
Vπ =  30   ,
 n r  L 

λ0
n 3r

the static retardation Γ = Γ(0) + Γ , where Γ(0) is
dc

…. (7)

the natural phase retardation and Γdc=π(Vdc/Vπ) is
the dc-bias phase retardation. By virtue of Eq. (1),
the total opto-electrical bias will be given by the
expression

hence it will be proportional to the dimension ratio
d/L. Accordingly, in the transverse EO-modulation
system under consideration the half-wave voltage
of the sample could be considerably reduced if d is
taken significantly smaller than L and, moreover, it
would be affected by anisotropies in the thermal
expansion of the crystal.

(

)

ϕ = Γ − 2β = Γ(0) + π V /V − 2β . …. (9)
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Figure 2: Transfer function I(φ) or I(V) through Sénarmont setup
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the effective EO coefficient r by means of a
FDEOM method using the system of Fig. 1 [9,
10].
Another important quiescent point is the
middle point M1 corresponding to the midpoint
intensity I=I0/2 of the transfer function (Fig.
2). This point is also called the maximumlinearity point, because if an ac field of
frequency ω is applied to the crystal a clear
signal modulated at the same frequency, ω,
appears at the demodulated output [6]. On the
assumption of Eq. (2), along with Eq. (9), it is
easily proven that the maximum-linearity point
corresponds to a total opto-electrical bias
ϕ = ϕ1 = k π k = 0,± 1,... and is attained when

It is known that one of the more important
quiescent points along the I-φ characteristic
curve is the minimum-transmission point, M0,
for which the derivative of f(φ) is zero. On the
assumption of validity of Eq. (2), along with
Eq. (9), it is easily proven that this point
corresponds to a total opto-electrical bias
ϕ = ϕ 0 = (1/2 + 2k)π k = 0,± 1,...
and
is
attained
when
the
condition
Γ(0) + (Vdc/Vπ −1/2 − k)π = β is met. This point
is also called the double-frequency point,
because if an ac field of frequency ω is applied
to the crystal a clear signal modulated at a
frequency 2ω appears at the demodulated
output [6]. The double-frequency point can be
used to measure the half-wave voltage Vπ and
the condition Γ(0) + (Vdc/Vπ )π = 2β is met.

3. Relationships between TO parameters of EO interest
In an EO-modulation system, a number of TO
parameters exist which refer to the temperature
dependence of useful quantities interconnected in
the framework of the system. To define these
parameters, we have adopted the expressions
p=du/dT and

In the above equations, the parameters ρ, δ, µ∆, and
ξm are the temperature coefficients for the effective
EO coefficient r, the half-wave voltage Vπ, the
spontaneous birefringence ∆n(0), and the IM depth
m, respectively, defined by the expressions

 1  du 
q =   
 u  dT 

δ=

….. (10)

for the TO coefficient and for the corresponding
temperature coefficient, respectively, of a
temperature dependent quantity u [3]. On the other
hand, as Γ depends on various EO and TO
parameters the thermal stability of the optoelectrical bias ϕ = Γ − 2β will depend on the
values of these parameters.
For the case of the typical Sénarmont-type
transverse EO- modulation system, it has been
proven that the following set of equations is valid
for the EO and TO parameters in the operating
point of the system [3]:

(

αL =



1  d ∆ n (0) 
, (11)
∆ n(0)  dT 

1  dL 
 
L  dT 

1  dd 
α d =  ,... (12)
d  dT 

,

where dL/dT and dd/dT are the thermal expansion
coefficients of the crystal along the directions L
and d, respectively. Also, the temperature
coefficients of the refractive indices n1=n0 and
n2=ne , respectively, are defined by the expressions
β = β0 =

)

1

1  dn0 
 
n0  dT 

,

β = βe =
2

1  dne  ..(13)
 ,
ne  dT 

where dn0/dT and dne/dT represent the
corresponding thermo-optic coefficients. Lastly,
n = (1 / 2)(n 1 + n 2 ) is the mean refractive index
and κ represents the thermo-optic coefficient
dΓ /dT of the static phase retardation Γ .
For the case of the corresponding longitudinal EO-

V 
dΓ
κ=
= Γ (0) (µ ∆ + α L ) − πδ dc  (10c)
dT
 Vπ 


1 dm
ξ =   = ρ + 3β − (α d − α L ) (10d)
m
e
m  dT 

(

µ∆ =

where dVπ/dT and d∆n(0)/dT are the thermo-optic
coefficients for Vπ and ∆n(0) , respectively. As to
the temperature coefficients αL and αd for the
crystal length L and the crystal thickness d,
respectively, they are given by

1  dr 
ρ =   = −(δ + 3βe ) + (α d − α L ) (10a)
r  dT 
n n (β 2 − β1 ) = n ∆ n(0) µ ∆ − µ
(10b)
1 2

1  dVπ 

,
Vπ  dT 

)
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orientation [11].
As a result, in the above crystal classes, it is
possible and advisable to take the principal axes
OX, OY, OZ as a temperature-independent system
of coordinate axes, in which case the equation of
the index ellipsoid becomes
…(16)
a11X 2 + a 22Y2 + a 33Z 2 = 1
Moreover, without loss of generality, we
may choose the direction OZ to be along the
direction of propagation Os (Fig. 1). Then, by
virtue of the well-known property of the index
ellipsoid, at a given temperature T the two waves
propagating as a result of birefringence along OZ
will have refractive indices n1 and n2 equal to the
principal radii of the central elliptic section of the
ellipsoid perpendicular to OZ, hence obtained by
putting Z=0 in Eq. 16. This leads to an ellipse in
the XY plane with equation

modulation system (using the same components),
in which Eq. (8) holds instead of Eq. (7), we have
extracted an original equations by means of a
similar procedure that the above equations become

1  dr 
ρ =   = −(δ + 3β0 )
r  dT 
n n (β 2 − β1 ) = n ∆ n(0) µ ∆ − µ

(

1 2

… (14a)

)

… (14b)

V 
dΓ
= Γ (0) (µ ∆ + α L ) − πδ dc  …(14c)
dT
 Vπ 


1 dm
ξ =   = ρ + 3β0
… (14d)
m
m  dT 
κ=

It is of note that, as regards the above thermo-optic
or temperature coefficients of the crystal’s
refractive indices can be related to the thermooptic deformation of the index ellipsoid (without
field) as follows:
The anisotropy of thermo-optic effect, when refers
to the refractive indices of a crystal, can be
expressed by means of a 3x3 symmetric tensor
[kij], we shall call the thermo-optic tensor, with
components defined by the equation [11]
…(15)

∆a ij = k ij ∆T

X 2 Y2
+
=1
n12 n 22
where

n1 = 1 / a11 , n 2 = 1 / a 22

… (18)
Obviously, if OY is an optic axis, we shall
have n1=no and n2=ne, where no is the ordinary and
ne the extraordinary refractive index of the crystal
at temperature T.
By repeating the Eq. (18) for another temperature
T′ =T+∆T it is easily deduced that, for the same
direction of propagation Os, the refractive indices
n1 and n2 will acquire new values n'1 and n' 2 ,
respectively, given by
… (19)
n'1 = 1/ a'11 ,n'2 = 1/ a' 22
where, on the basis of Eqs. 16 and 19, we
shall have
a'11 = 1/n12 + k11∆T,a'22 = 1/n22 + k 22∆T … (20)

i, j=1,2,3

Where ∆T is the rise in temperature and ∆aij
denote the corresponding changes in the
components of the index tensor aij, which represent
the coefficients of the equation to the optical index
ellipsoid with respect to a system of orthogonal
coordinate axes OX, OY, OZ.
In calculations, it is convenient to choose the
principal axes, OX, OY, OZ of the index ellipsoid
as axes of coordinates. For the higher symmetry
crystals, precisely for those belonging to the cubic,
hexagonal, trigonal, tetragonal and orthorhombic
classes, these axes will coincide with the
crystallographic axes and for i≠j it will hold kij=0,
hence ∆aij (i≠j)=0.
Accordingly, the effect of temperature would be to
alter the magnitude of the principal axes of the
index ellipsoid without any change in their

∆n'= n' 2 −n'1 = n 2 (1+ n 22k 22∆T)

−1/ 2

( )

into

ν

the birefringence along OZ the expression

− n1(1+ n12k11∆T)

−1/ 2

= ∆n −

1 3
n2k 22 − n13k11 )∆t
(
2

(21)

equations, Eqs. (10b) and (14b), which refer to the
difference (β2-β1), and (10c) and (14c), which refer
to the thermo-optic coefficient κ of Γ , are the
same in the transverse and the longitudinal EO
system. On the other hand, Eqs. (10a) and (14a),
which refer to the temperature coefficient ρ, and
Eqs. (10d) and (14d), which refer to the
temperature coefficient ξm, differ by the thermal

k11 <<1/n12 ,k 22 << 1/n22
Which holds satisfactorily in practice, at
least for symmetries of orthorhombic or higher,
because then we have k ii = − 2 /n 3i (dn i /dT) with
-5

( )

Using Eqs. (19) into Eqs. (20) and taking
account
the

approximation (1+ χ) ≈ 1+ νχ χ<<1, we obtain for

provided that

(

… (17)

)

dni /dT being of the order of 10 °C-1 [11]. It is to
be emphasized that, as seen from the above sets of
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expansion term (αd-αL), which is absent in a
longitudinal EO-modulation system. This fact may
be advantageous for such a longitudinal system if

the thermal expansion contribution is high in the
corresponding transverse EO-modulation system.

4. Investigation and discussion
ρtrans<ρlong and ξm,trans<ξm,long. This means that, as
regards the thermal stability of r and m, the
transverse EO-modulation system will then be
better than its homologous longitudinal EOmodulation system.
Besides, as seen from Eqs. (10b), (10c) and (14b),
(14c), the difference β2-β1 of temperature
coefficients for the birefringence refractive indices
and the thermo-optic coefficient κ of the static
phase retardation will be ruled by equations which
are the same in both transverse and longitudinal
EO-modulation systems.
Moreover, from either of Eqs. (10b) and (14b) we
observe that, if ∆n(0) =0 (i.e., the crystal is isotropic
or the propagation is along an optic axis), we shall
have β1=β2. Consequently, two equal birefringence
refractive indices will have also equal temperature
coefficients. On the other hand, from Eqs. (10c)
and (14c) we deduce that the thermo-optic
coefficient κ be zero when Γ(0)[µ∆+αL]=πδ[Vdc/Vπ].
Consequently, under this condition, the static phase
retardation Γ will become thermally insensitive.
It is finally of note that the first set of the above
equations (Eqs. 10a-d) has been already used
elsewhere by the authors to experimentally
determined various TO coefficients of LiTaO3 in
the case of a transverse EO configuration [3].

In what follows, working on the basis of Eqs.
(10a)-(10d) and (14a)-(14d) which hold for the two
configurations illustrated in Fig. 1, we shall first
compare the principal thermo-optic or temperature
parameters referring to a transverse EOmodulation system with those of its homologous
longitudinal EO-modulation system.
We first consider the temperature coefficient ρ of
the crystal’s EO coefficient r and the temperature
coefficient ξm of the modulation depth m, as they
are ruled by Eqs. (10a), (10d) and (14a), (14d). For
these parameters, one can discriminate three cases
as follows.
In the first case, the thermal expansion is isotropic,
hence αd=αL. Then, as seen from the above
equations, the temperature coefficients ρ and ξm
will be the same for both (transverse and
longitudinal) EO-modulation configurations.
The second case occurs when the thermal
expansion is anisotropic, with αd>αL. Then, from
the above equations it is deduced that ρtrans>ρlong
and ξm,trans>ξm,long. This means that, as regards the
thermal stability of r and m, the transverse EOmodulation system will then be worse than its
homologous longitudinal EO-modulation system.
The third case takes place also when the thermal
expansion is anisotropic, but with αd<α L. Then,
from the above equations it is deduced that

5. Uncertainties in the determination of temperature coefficients

1 δ (∆ u)
 δ u δ (∆ T) 
+
q+
. … (24)

∆T 
u ∆T
 u

We now assume that, for a quantity u, a
temperature coefficient q is directly determined on
the basis of its definition formula, introduced by
Eq. (10), which can be rewritten as

 1  du   1  ∆ u 
q =    ≅  
,
 u  dT   u  ∆ T 

δq=

If we apply the above equations for the
temperature coefficient ρ=(1/r)(∆r/∆T) of r we
obtain for the corresponding uncertaintity the
equation

…(22)

δr δ(∆ T) 1 δ(∆ r)
δρ =  +
ρ+
.
r
∆ T  r ∆ T

where ∆u is the variation of u measured for a
variation ∆T in temperature T.
In this case, by applying in Eq. (22) the known law
of propagation of errors we obtain for the relative
error δq/q the expression

δq δu δ(∆ u) δ(∆ T)
=
+
+
q
u
∆u
∆T

…(25)

Similarly, it is easily proven that the uncertaintity
δµ∆ associated with the determination of µ∆ by its
definition (see Eq. 11) will be given by the
equation


δ(∆ n (0) ) δ(∆ T)
1 δ(∆∆ n (0) )
… (26)
µ +
δµ = 
+
.

…(23)

From this equation, using again Eq. (22), it is
easily found that the corresponding uncertaintity in
the value of q will be given as a function of q by

∆

(0)
 ∆ n

∆ T  ∆

∆ n (0)

∆T

Finally, as regards the determination of the
temperature coefficient ξm=(1/m)(∆m/∆T) of the
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IM depth m, the corresponding uncertaintity δξm is
found to be ruled by the equation

temperature dependent quantities ρ, µ∆, and ξ m
when the relative errors appearing in the second
member of equations are known or can be
estimated.

δm δ(∆ T)
1 δ(∆ m)
δξ = 
+
m+
. ... (27)

m
m
∆T 
m ∆T

The above equations allow to calculate the
uncertainties in the determination of the

6. Summary and conclusion
The first part of the present work has been
initiated by introducing the concept of optoelectrical bias φ in an EO-modulation system and
has been continued by studying the corresponding
thermal instability, expressed by various thermooptic (TO) or temperature-dependence parameters.
The study of parameters has shown that, in typical
EO-modulation systems, various TO and
temperature coefficients (referring to EO
coefficient, birefringence, half-wave voltage, etc.)
may play a significant role in the TO behaviour. In
this study, it has been proven that the utilization of
a transverse or a longitudinal configuration in the
system may more or less affect the above

parameters and modify the thermal stability of the
EO crystal and the entire system as well. In the
present work, we have derived a number of basic
equations with which one can investigate the effect
of temperature on the TO and other temperaturedependence parameters in both transverse and
longitudinal
EO-modulation
systems.
A
comparison between these two configurations as
regards the thermo-optic behaviour of the EO
crystal and the entire system has been also
effected. Finally, calculations of uncertaintities and
relative errors are made and presented in case the
temperaturedependence
parameters
are
determined on the basis of their definitions.
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:ﺍﻝﻤﻠﺨﺹ
 ﻗﺩﻤﺕ ﻭﺩﺭﺴﺕ ﻓﻲ ﻨﻅﺎﻡ, ﻤﺘﻐﻴﺭﺍﺕ ﺜﺭﻤﻭﻀﻭﺌﻴﺔ ﻭﺒﺭﺍﻤﺘﺭﺍﺕ ﺇﻋﺘﻤﺎﺩ ﺩﺭﺠﺔ ﺍﻝﺤﺭﺍﺭﺓ ﻗﺩ ﻋﺭﻓﺕ, ﻝﺒﻠﻭﺭﺍﺕ ﺍﻝﻜﻬﺭﻭﻀﻭﺌﻴﺔ,ﻓﻲ ﻫﺫﺍ ﺍﻝﻌﻤل
 ﻝﻜﻼ ﻨﻅﺎﻤﻲ. ﻫﺫﻩ ﺍﻝﺩﺭﺍﺴﺔ ﺍﻋﺘﻤﺩﺕ ﻋﻠﻰ ﺃﺴﺎﺱ ﺍﻻﻨﺤﻴﺎﺯ ﺍﻷﻝﻜﺘﺭﻭﻀﻭﺌﻲ ﺍﻝﻤﺴﻠﻁ ﻋﻠﻰ ﺍﻝﻨﻅﺎﻡ.ﺍﻝﺘﻀﻤﻴﻥ ﺍﻝﻜﻬﺭﻭﻀﻭﺌﻲ ﺍﻝﻤﺴﺘﻌﺭﺽ ﻭﺍﻝﻁﻭﻝﻲ
. ﺃﺭﺒﻊ ﻤﻌﺎﺩﻻﺕ ﺃﺼﻠﻴﺔ ﺃﺴﺘﺤﺩﺜﺕ ﻭﻓﺤﺼﺕ ﻜل ﻭﺍﺤﺩﺓ ﻤﻨﻬﺎ ﻝﻜﺜﻴﺭ ﻤﻥ ﻤﻌﺎﻤﻼﺕ ﺩﺭﺠﺔ ﺍﻝﺤﺭﺍﺭﺓ ﻭﺍﻝﺜﺭﻤﻭﻀﻭﺌﻲ,ﺍﻝﺘﻀﻤﻴﻥ ﺍﻝﻜﻬﺭﻭﻀﻭﺌﻲ ﺃﻋﻼﻩ
 ﺤﺴﺎﺏ ﻋﺩﻡ ﺍﻝﺩﻗﺔ, ﺃﺨﻴﺭﺍ. ﺍﻝﺘﺭﺘﻴﺏ ﺍﻝﻤﺴﺘﻌﺭﺽ ﺃﺨﺘﺒﺭ ﺒﺎﻝﻤﻘﺎﺭﻨﺔ ﻤﻊ ﺍﻝﺘﺭﺘﻴﺏ ﺍﻝﻁﻭﻝﻲ ﺍﻝﻤﺭﺍﻓﻕ ﻝﻪ, ﻝﻠﺒﺭﺍﻤﺘﺭﺍﺕ ﺃﻋﻼﻩ,ﺒﺎﺴﺘﺨﺩﺍﻡ ﻫﺫﻩ ﺍﻝﻤﻌﺎﺩﻻﺕ
.ﻓﻲ ﻗﻴﺎﺱ ﻤﻌﺎﻤﻼﺕ ﺩﺭﺠﺔ ﺍﻝﺤﺭﺍﺭﺓ ﺜﻡ ﻤﻨﺎﻗﺸﺘﻬﺎ ﻓﻲ ﻫﺫﺍ ﺍﻝﺒﺤﺙ
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