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ABSTRACT :The effect of nanoparticles on the heat transfer of the fluids becomes one of the most
interesting fields for researches. Metallic and nonmetallic materials are used to enhance the
thermal performance of the fluids. In this work, an attempt was made to extend the work in
this field to study the effect of addition of copper oxide nanoparticles on the transient
behavior of free convection in horizontal cylinder. The dimensionless form of the energy and
the momentum equations was solved using the commercial package COMSOL 3.5. A
constant wall temperature CWT boundary condition was subjected to the surfaces of the
cylinder. The lower half of the walls temperature was always higher than the upper one. The
effect of volume fraction of nanoparticles on the stability of the transient behavior of the heat
transfer and the fluid flow was examined. Also the effect of Rayleigh number on the
velocities, temperature and Nusselt number are shown graphically. It is found that not only
the onset of instability of the natural convection but also the type of the steady state profiles
of temperature and velocities were affected by the existence of the nanoparticles. A phase
plane plot was used to analysis the steady state types of dynamic behavior of the nanofluid
natural convection under the CWT boundary condition.
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-: ﺍﻟﺨﻼﺻﺔ
اﻨﺘﻘﺎﻝ اﻟﺤ اررة ﺨﻼﻝ اﻟﺴواﺌﻝ ﻴﺼﺒﺢ واﺤدا ﻤن اﻟﻤﺠﺎﻻت اﻷﻛﺜر إﺜﺎرة

ﺘﺄﺜﻴر اﻟﺠﺴﻴﻤﺎت اﻟﻨﺎﻨوﻴﺔ ﻋﻠﻰ

،  ﻓﻲ ﻫذا اﻟﻌﻤﻝ.  وﺘﺴﺘﺨدم اﻟﻤواد اﻟﻔﻠزﻴﺔ واﻟﻼﻓﻠزﻴﺔ ﻟﺘﻌزﻴز اﻷداء اﻟﺤراري ﻟﻠﺴواﺌﻝ. ﻻﻫﺘﻤﺎم اﻟﺒﺎﺤﺜﻴن
ﻛﺎﻨت ﻫﻨﺎك ﻤﺤﺎوﻟﺔ ﻟﺘوﺴﻴﻊ اﻟﻌﻤﻝ ﻓﻲ ﻫذا اﻟﻤﺠﺎﻝ ﻟدراﺴﺔ ﺘﺄﺜﻴر إﻀﺎﻓﺔ أﻛﺴﻴد اﻟﻨﺤﺎس ﻋﻠﻰ اﻟﺴﻠوك
 ﺘم ﺤﻝ ﻨﻤوذج ﻏﻴرﺒﻌدي ﻟﻤﻌﺎدﻻت اﻟطﺎﻗﺔ و اﻟزﺨم. اﻟﻐﻴرﻤﺴﺘﻘر ﻟﻠﺤﻤﻝ اﻟﺤراري اﻟﺤر ﻓﻲ اﺴطواﻨﺔ أﻓﻘﻴﺔ
ﺒﺎﺴﺘﺨدام ﺒرﻨﺎﻤﺞCOMSOL 3.5  وﻗد ﺘم اﺨﺘﻴﺎر ﺤدود اﻟﻤﻌﺎدﻻت ﻓﻲ ﺤﺎﻟﺔ ﺘﻌرض اﻻﺴطواﻨﺔ اﻟﻰ.

درﺠﺔ ﺤ اررة اﻟﺠدار ﺜﺎﺒتCWT  وﻛﺎن اﻟﻨﺼف اﻟﺴﻔﻠﻲ ﻤن ﺠدران اﻻﺴطواﻨﺔ داﺌﻤﺎ ﺒدرﺠﺔ ﺤ اررة أﻋﻠﻰ.
 ﺘم ﻓﺤص ﺘﺄﺜﻴر اﻟﻨﺴب اﻟﺤﺠﻤﻴﺔ ﻤن اﻟﺠﺴﻴﻤﺎت اﻟﻨﺎﻨوﻴﺔ ﻋﻠﻰ ﺜﺒﺎت ﺴﻠوك اﺴﺘﻘرار ﻟﻨﻘﻝ. ﻤن اﻟﻌﻠوي
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 ودرﺠﺔ اﻟﺤ اررة وﻋﻠﻰ ﻋدد ﻨﺴﻠت،  أﻴﻀﺎ وﺘظﻬر ﺘﺄﺜﻴر ﻋدد راﻴﻠﻲ ﻋﻠﻰ اﻟﺴرﻋﺎت. اﻟﺤ اررة و ﺘدﻓق اﻟﺴواﺌﻝ
 وﻗد وﺠدت أﻨﻪ ﻟﻴس ﻓﻘط ﺒداﻴﺔ ﺤدوث ﻋدم اﻻﺴﺘﻘرار ﻟﻠﺤﻤﻝ اﻟﺤراري اﻟطﺒﻴﻌﻲ وﻟﻛن أﻴﻀﺎ ﻨوع. ﺒﻴﺎﻨﻴﺎ
 ﺘم اﺴﺘﺨدام ﻤﺨططﺎت. ﻤﻨﺠﻨﻲ اﻟﺤﺎﻟﺔ اﻟﻤﺴﺘﻘرة ﻟدرﺠﺔ اﻟﺤ اررة و اﻟﺴرﻋﺎت ﺘﺄﺜرت ﺒوﺠود اﻟﺠﺴﻴﻤﺎت اﻟﻨﺎﻨوﻴﺔ

ﻤﺴﺘوي اﻟﻤرﺤﻠﺔ ﻻﻴﺠﺎد ﺘﺤﻠﻴﻝ أﻨواع ﺤﺎﻟﺔ اﻻﺴﺘﻘرار ﻟﻠﺴﻠوك اﻟدﻴﻨﺎﻤﻴﻛﻲ ﻟﻠﻤواﺌﻊ اﻟﻨﺎﻨوﻴﺔ ﻟﻠﺤﻤﻝ اﻟﺤراري
. CWT اﻟطﺒﻴﻌﻲ ﺘﺤت ﺸرط اﻟﺤدود

NOMENCLATURE
Cp Specific heat (kJ /kg K)
g
Gravity acceleration (m/s2)
Gr Grashof number
k
Thermal conductivity (W /m K )
Nu Nusselt number
p
Pressure (Pa)

t
T
u
U
v

P
Pr
Ra
s

x
X
y
Y

P

P

Dimensionless pressure
Prandtl number
Rayleigh number (Gr Pr)
Arc length

Greek symbols
Thermal diffusivity (m2/s)
α
Volumetric thermal expansion
β
coefficient (1/K)
Dimensionless temperature
θ
Dynamic viscosity (kg/m s)
μ
Kinematic viscosity (m2/s)
ν
Density (kg/m3)
ρ
Dimensionless time
τ
Boundary
Γ
Dummy-variable
P

P

P

P

V

Time (s)
Temperature (K)
Velocity in x direction (m/s)
Dimensionless x component of velocity
Velocity in y direction (m/s)
Dimensionless y-component of
velocity
Distance in x direction (m)
Dimensionless x coordinate
Distance in y direction (m)
Dimensionless y coordinate

Subscripts
c
Cold
f

fluid

h
n
p
∞
1,2

Hot
normal direction
particle
environment
Upper / Lower surface
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1. INTRODUCTION
Natural convection heat transfer is an important phenomenon in engineering systems due to its
wide applications in electronic cooling, heat exchangers, phase change materials, etc. Due to
the low thermal conductivity of convectional heat transfer fluids such as water and oils,
different techniques were used to enhance the thermal performance of such systems. One of the
promising techniques is the addition of nano-scale particles with high thermal conductivity to
the base fluid which enhance the heat transfer process in these systems. Such fluids are called
as nanofluid which is firstly used by Choi Recently, some numerical and experimental works
with nanofluids include enhancement of thermal conductivity (Kang et al.), forced convection
heat transfer (Maiga et al,), heat transfer with boiling and free convection (Xuan and Li,).
Some reviewed works are published by Putra et al. Wang et al. Trisaksri and Wongwises, AbuNada &Wang and Mujumdar
For natural convections transfer using nanofluids, relatively few studies have been
carried out. Hwang et al. investigated the buoyancy-driven heat transfer of water-based Al 2 O 3
nanofluids in a rectangular cavity. Khanafer et al. investigated the effect of nanoparticles on
enhancement of the heat transfer in a two-dimensional enclosure. Jou and Tzeng used
nanofluids to enhance natural convection heat transfer in a rectangular enclosure. Jang and
Choi investigated the Benard regime in nanofluid filled rectangular enclosures. Wang et al.
conducted a study on natural convection in nanofluid filled vertical and horizontal enclosures.
Also, a recent study by Polidori et al., analyzed the heat transfer enhancement in natural
convection using nanofluids. Oztop and

Abu-Nada studied the heat transfer and fluid flow

due to buoyancy forces in a partially heated enclosure using nanofluids using different types of
nanoparticles.
A little effort has been apply to investigate the natural convective instability of
nanofluid in enclosures. A few studies have also been concerned with the problem of the onset
of Rayleighe Bénard convection in a horizontal layer of nanofluids heated from below has been
investigated by Kim et al. on the basis of a factor which measures the ratio of the Rayleigh
number of a nanofluid to that of a base fluid.
Tzou investigates thermal instability of nanofluids taking into account the combined
behaviors of Brownian motion and thermophoresis of nanoparticles.
In the present paper, we consider natural convection in a horizontal cylinder of copper
oxide water nanofluid (Cuo-water) subjected to constant different temperature at the lower and
the upper halves. The effect of addition of nanoparticles on the stability of thermal behavior of
the enclosure will be investigated.
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2. MATHEMATICAL MODEL
A schematic of the two-dimensional system with geometrical and boundary conditions
is shown in Fig.(1). In the present analysis, Cartesian coordinate system will be applied to the
horizontal cylinder. The nanofluid in the enclosure is Newtonian, incompressible, and laminar
and is assumed to have uniform shape and size. The nanofluid used, which is composed of
copper oxide nanoparticles in suspension of water, has been used at various particle
concentrations ranging from 0 to 20% in volume. Moreover, it is assumed that both fluid phase
and nanoparticles are in thermal equilibrium state The cylinder is heated from below with
constant wall temperature, where the lower half of the cylinder is heated and maintained at a
constant temperature (T h ) higher than the upper cold half temperature (T c ) which equals to the
environment temperature (T c = T ∞ ). The Boussinesq approximation will relate the variable
density to the local temperature.
The unsteady state equations governing the transport of mass, momentum and thermal
energy in the two dimensional systems are as follows:
The thermo-physical properties of the nanofluid atare listed in Table (1).
The viscosity and the thermal conductivity of the nanofluid are given by the following models:
(1)

Maxwell–Garnetts model

(2)

Brinkman-Model

The unsteady state equations governing the transport of mass, momentum and thermal
energy in the two dimensional systems are as follows:
Continuity equations:
(3)
Momentum equations:
(4)
(5)
Energy equation:
(6)
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The following dimensionless variables are used:

The governing equations are re-written in above dimensionless form as follows:
(7)
(8)
(9)
where

is the property function; e.g;

The following dimensionless initial boundary conditions are imposed:
And the following dimensionless initial and boundary conditions are imposed:
Initial boundary
(10)
Boundary conditions

(11)
The local Nusselt number along the hot wall is defined as
(12)
and the average Nusselt number is expressed as
.
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3. NUMERICAL SOLUTION
The set of PDEs (7-9) and the associated dimensionless initial and boundary conditions
(10-11) have been solved using COMSOL 3.5. The package used the finite element method to
solve the dimensional forms of governing equations represent the multiphysics problems.
However, in this work an attempt was made to write a code with the COMSOL Script and
solve the dimensionless form of the governing equations.
In order to have an independent grid size numerical solutions, the Nusselt number was
determined for different number of elements as shown in Fig.(2). It is found that the
discretization of the problem with about of (9x103) elements is suitable to have convenient
solutions.

4. RESULTS AND DISCUSSION
First of all, the effect of increasing the nanoparticle volume fraction on the transient
behavior of the laminar natural convection inside the enclosure was examined. A typical
example of this problem for Rayleigh number of 5.2x104 , Fig(3), shows the temperature
profile of the nanofluid enclosed in the cavity during different time steps. Besides the field
velocity profiles are shown for the same time steps. It is shown that the heat-momentum
dynamic behavior of the system for a pure water
ϕ=0)( at Ra=

5.2x104 are unstable with

sustainable periodic variation in temperature-velocities profiles. As (ϕ) increases to (0.1) the
transient behavior of the system becomes stable. The temperature-velocities profiles reach the
steady state after some time intervals and all variables become time independent.
To investigate the onset of instability in the dynamic behavior of this problem, some
experiments were performed near the value of Ra=5x104. Fig.(4) shows the bifurcation line
which separates the two; stable and unstable regions. The upper region of (Ra-ϕ) indicates
where the behavior is dynamically unstable whereas the lower region is for stable behavior.
Fig.(5) shows the effect of increasing the volume fraction of nanoparticles on the
average Nusselt number. For Ra=6x104, as is less than the critical value defined by the
bifurcation line, the transient behavior is always unstable. As (ϕ) increases the system becomes
stable and the Nu increase also. The average value of the average Nu is about (3) for pure
water whereas the enhancement due to addition of copper oxide nanoparticles with (20%)
volume fraction reaches to three times than the pure water at the same Ra.
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The same behavior is shown in Fig.(6) where the increase of Ra affect the velocity field
indicated as average velocity through the whole enclosure.
The most interested representation of the numerical analysis of the problem is the plot
of the so called the (phase plane) graph that demonstrates the average temperature gradient in
the cavity versus the average velocity field. Fig.(7) shows that the addition of nanoparticles to
the base fluid increase the stability of the thermal behavior. The steady state type of the system
changes from sustainable steady state limit cycle at Ra=6x104 for pure water to focus at ϕ
=0.2) .This manipulation of steady state behavior is called as Hopf bifurcation.
5. CONCLUSIONS
The transient behavior of copper oxide-water nanofluids natural convection in a horizontal
cylinder has been studied numerically in this work. The natural convection flow is caused by
the temperature difference between the cold top and hot bottom part of the cavity. It is found
that the effect of addition of nanoparticles to the base water changes the thermal behavior of
the fluids. Both the velocities and the temperature were changed from the sustainable periodic
profiles to the stable profiles at constant Rayleigh number. It was found that the critical
Rayleigh number is higher than that for pure fluid. It was found that the solution was more
stable than the base fluid. The stability of the system is enhanced as the volume fraction of the
nanoparticles increases and their size decreases or the average temperature of nanofluids
increases. The phase plane of average temperature difference - velocity field analysis indicates
that the type of the steady state developed from stable limit cycle to stable focus as the
nanoparticles volume fraction exceeds the bifurcation values for each Rayleigh number.

Table (1) :Thermophysical properties of
Cuo-water At room Temp
Property
CuO
Water
Cp (J/kg K)
540
4179
ρ (kg/m3)
6500
997
k (W/m K)
18
0.61
β (1/K)
0.85x10-5
2.1x10-4
μ (kg/m s)
0.85x10-3
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Fig.(1) : Physical model.

Fig.(2): Steady State Averge Nusselt number vs. Number of
Elements (Ra=104)
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Fig.(3): Isotherms (ϴ) and contours(U) at different time steps for Rayleigh Number=5.2x104
a- ϕ=0.0
b- ϕ=0.1
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Fig.(4): Bifurcation line for Water-Copper Oxide Nanofluids.
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Fig.(5): Variation of average Nusselt Number with time for different values of volume
fraction (ϕ) at Rayleigh number (6x104).
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Fig.(6): Variation of average Velocity Field with time for different values of
volume fraction (ϕ) at Rayleigh number (6x104).
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Fig.(7): Phase Plane of Nusselt Number- Velocity Field for different values of
volume fraction (ϕ) at Rayleigh number (6x104).
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