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ABSTRACT
This paper presents an analysis of the channel capacity, spectral efficiency and
probability of outage for the 4th generation adaptive modulation ofWiMAX system. The
adaptive modulation techniquesare Variable rate-Variable power, Variable rate-Constant
power and Constant rate by using truncated channel inversion in the presence of Additive
White Gaussian Noise (AWGN), Rayleigh fading and Nakagami fading.
The growing demand for wireless communication requires determining the capacity,
spectral efficiency and probability of outage of these channels to evaluate the
performance time varying channels.
The analysis results show the advantage of using WiMAX system with adaptive
MQAM modulation techniques. Analytical results have proved that the channel capacity
is improved by (38) M bit/sec when increasing the bandwidth fromMHz to 20MHz in the
presence of AWGN, the capacity channel is improved by (35) Mbit/Secwhen increasing
the bandwidth from 1MHz to 20MHz in the presence of Rayleigh fading with Variable
rate-Variable power, the capacity channel is improved in the presence of Nakagami
fading (m=2)which is (37) Mb/sec and improved (38) when (m=3) due to severe effect of
Nakagami when increasing the 1MHz to 20MHz for a given SNR. However, the analysis
of spectral efficiency shows that maximum spectral efficiency is accrues in Shannon
capacity.The spectral efficiency decreases when Bit Error Rate (BER) increases. The
analysis results show the spectral efficiency decreases (0.5) when BER=10 is used than
when BER=10 is used. The probability of outage increases when the BER increase.
Keywords: Adaptive modulation, fading channels, spectral efficiency, WiMAX.

2248

Eng. & Tech. Journal ,Vol.32, Part (A), No.9, 2014

Analysis of the Capacity, Spectral Efficiency
and Probability of Outage of Adaptive Mobile
Channel for WiMAX System

 ﻛﻔﺎءة اﻟﻄﯿﻒ واﺣﺘﻤﺎﻟﯿﺔ اﻟﻘﻄﻊ ﻗﻨﺎة اﻟﻤﻮﺑﺎﯾﻞ اﻟﻤﺘﻜﯿﻔﺔ ﻟﻨﻈﺎم اﻟﻤﻮﺟﺎت، ﺗﺤﻠﯿﻞ ﺳﻌﺔ
اﻟﻤﯿﻜﺮوﯾﻒ
اﻟﺨﻼﺻـــﺔ
 ﻛﻔﺎءة اﻟﻄﯿﻒ واﺣﺘﻤﺎﻟﯿﺔ اﻟﻘﻄﻌﻠﻠﺠﯿﻞ اﻟﺮاﺑﻊ ﻟﻨﻈﺎم اﻟﻤﻮﺟﺎت،ﻓﻲ ھﺬا اﻟﺒﺤﺖ ﺗﻢ ﺗﺤﻠﯿﻞ ﺳﻌﺔ اﻟﻘﻨﺎة
-  ﺗﻐﯿﺮ اﻟﻄﺎﻗﺔ،  ﻣﻌﺪل اﻻرﺳﺎل-  واﻟﺘﻘﻨﯿﺎت اﻟﻤﺴﺘﺨﺪﻣﺔ ﻓﻲ اﻟﺘﻀﻤﯿﻦ اﻟﺘﻜﯿﻔﻲ ھﻲ ﺗﻐﯿﺮ اﻟﻄﺎﻗﺔ.اﻟﻤﺎﯾﻜﺮوﯾﻒ
. ﺗﻐﯿﺮ ﻣﻌﺪل اﻻرﺳﺎل ﻋﻨﺪ وﺟﻮد اﻟﻀﻮﺿﺎء واﻻﺿﻤﺤﻼل اﻟﺪوري-ﺗﺜﺒﯿﺖ ﻣﻌﺪﻻ ﻻرﺳﺎل و ﺗﺜﺒﯿﺖ اﻟﻄﺎﻗﺔ
اﻟﺘﻄﻮر اﻟﻜﺒﯿﺮ ﻓﻲ اﻻرﺳﺎل اﻟﻼﺳﻠﻜﻲ ﺗﻄﻠﺐ ﺣﺴﺎب ﺳﻌﺔ وﻛﻔﺎءة اﻟﻄﯿﻔﯿﺔ ﻟﻠﻘﻨﺎة ﻟﺘﻘﯿﯿﻢ اداء اﻟﻘﻨﺎةﻓﻲ ﺑﯿﺌﺎت
.ﻣﺨﺘﻠﻔﺔ
ﺗﺤﻠﯿﻞ اﻟﻨﺘﺎﺋﺞ اﻟﺘﻲ ﺗﻢ اﻟﺤﺼﻮل ﻋﻠﯿﮭﺎ ﺑﯿﻨﺖ ﻓﻮاﺋﺪ اﺳﺘﺨﺪام اﻟﺘﻌﺎﻣﻞ اﻟﻤﺘﺒﺎدل ﺑﻤﻮﺟﺎت اﻟﻤﺎﯾﻜﺮوﯾﻒ
(٣٨)Mbit/sec اﻟﻨﺘﺎﺋﺞ اﻟﺘﺤﻠﯿﻠﯿﺔ اﺛﺒﺘﺖ ان ﺳﻌﺔ اﻟﻘﻨﺎة ﺗﺤﺴﻨﺖ ﺑﻤﻘﺪار.( ﻣﻊ اﻟﺘﻀﻤﯿﻦ اﻟﺘﻜﯿﻔﻲWiMAX)
Mbit/sec  ﺗﺤﺴﯿﻦ ﺑﻤﻘﺪار،( ﻋﻨﺪ وﺟﻮد اﻟﻀﻮﺿﺎء1MHz t 20MHz) ( ﻣﻦbandwidth)ﻋﻨﺪﻣﺎ زاد
( ﻋﻨﺪ ﺗﻐﯿﺮ ﻛﻞ ﻣﻦ اﻟﻄﺎﻗﺔ وﻣﻌﺪلRayleigh fading) ( ﻋﻨﺪ وﺟﻮد اﻻﺿﻤﺤﻼل اﻟﺪوري ﻣﻦ ﻧﻮع٣٥)
(Nakagamifading (ﻋﻨﺪ وﺟﻮد اﻻﺿﻤﺤﻼل اﻟﺪوري ﻣﻦ ﻧﻮع٣٧) Mbit/sec اﻻرﺳﺎل وﺗﺤﺴﯿﻦ ﺑﻤﻘﺪار
(Nakagami fading (ﻋﻨﺪ وﺟﻮد اﻻﺿﻤﺤﻼل اﻟﺪوري ﻣﻦ ﻧﻮع٣٨) Mbit/sec (وﺗﺤﺴﯿﻦ ﺑﻤﻘﺪارm=2))
(Shannon capacity)  ﺗﺤﻠﯿﻞ ﻛﻔﺎءة اﻟﻄﯿﻒ ﺗﺒﯿﻦ ان اﻋﻈﻢ ﻃﯿﻒ ﯾﺘﻢ اﻟﺤﺼﻮل ﻋﻠﯿﺔ ﻓﻲ ﺣﺎﻟﺔ.(m=3))
( وﺗﺤﻠﯿﻞ اﻟﻨﺘﺎﺋﺞ ﺗﺒﯿﻦ ان ﻛﻔﺎءة اﻟﻄﯿﻒ ﯾﻘﻞBER) وان ﻛﻔﺎءة اﻟﻄﯿﻒ ﺗﻘﻞ ﻋﻨﺪ زﯾﺎدة ﻧﺴﺒﺔ اﻟﺨﻄﺄ
( واﺣﺘﻤﺎﻟﯿﺔ اﻟﻘﻄﻊBER=10 )( اﻟﻰBER=10 )(ﻋﻨﺪﻣﺎ ﯾﺘﻐﯿﺮ ﻧﺴﺒﺔ اﻟﺨﻄﺄ ﻣﻦ0.5dB)ﺑﻤﻘﺪار
.(ﯾﻘﻞ ﺑﺰﯾﺎدة اﻟﺨﻄﺄoutageprobability)
INTRODUCTION
orldwide Interoperability for Microwave Access (WiMAX) isessentially a
powerful and advanced system of the 4G .WiMAX is similar to Wi-Fi but
bandwidth, stronger encryption is more and also improved performance over
long distance by connecting between receiving stations that are not in the line of sight [1].
WIMAX is also known as “Last Mile” broadband wireless access technology WIMAX
gives an alternate and better solution compared to cable and Wi-Fi technologies [2].
The capacity limits dictate the maximum data rates that can be achieved any constraints
on delay or the complexity of the encoder and decoder [3]. The spectral efficiency
determines the number of bits per hertz of the channel also the data rate of the
transmission. However, the probability of outage determines the probability that the
received SNR falls below a specified threshold.The capacity, spectral efficiency and
probability of outage depend on the characteristic of the channel, which depending on the
receiver of the signal to noise ratio is a function of the fading.

W

Adaptive Modulation Techniques
Adaptive modulation techniques are based on the variation in the transmitted power,
symbol transmission rate, constellation size, coding rate/schemes, or any combination of
these parameters [4].Figure (1) shows, the main units of adaptive modulation (AM)
system. The AM is based on SNR measurement and depending on the value of SNR
selected the type of modulation
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Figure (1) Typical adaptive modulation system
a. Variable-Power Techniques
Adaptive transmitted power is used to compensate for SNR variation due to fading.
The goal is to maintain a constant received SNR [5].
b. Variable-Rate Techniques
In variable-rate modulation the data are varied relative to the channel gain. This can
be done by fixing the symbol rate of the modulation and using multiple modulation
schemes or constellation size [6].
c. Variable Error Probability
The instantaneous error probability in fading channel varies as the received SNR
varies, resulting in an average. This is not considered an adaptive technique since the
transmitter does not adapt to SNR. Thus, in adaptive modulation error probability is
typically adapted along with some other form of adaptation such as constellation size or
modulation type [5].
d. Variable Coding Techniques
In adaptive coding different codes are used to provide different amounts of coding
gain to the transmitted bits. When a strong error correction code is used when SNR is
small and vice to versa [3].
e. Hybrid Techniques
Hybrid techniques can adapt to multiple parameter of the transmission scheme,
including rates, power, coding, and instantaneous error probability [3].
Channel Capacity in the Presence of AWGNfor WiMAX system
The channel capacity is given byShanon-Hartley equation [7],

=

log

1+

… (1)
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is the received signal-to-noise ratio (SNR). When the SNR is large (SNR >> 0

dB), the capacity

≈

log

is logarithmic in power and approximately linear in

bandwidth. This is called the bandwidth-limited regime. When the SNR is small (SNR <<
0 dB), the capacity

≈

log

is linear in power but insensitive to bandwidth. This is

called the power-limited regime [7, 8].
Channel Capacity in the Presence of Nakagami Fading Channels
Closed-form expressions for the capacity channel for WiMAX system in the presence
of Nakagami multipath fading (NMF) channels for various adaptive modulation
techniques are adapted to the WiMAX system and pr
esented in this section.
Variable rate – Variable power
This method is called optimal adaptive because both rate and power are varied to
obtain optimal adaptive. The channel capacity of a fading channel in this case with
received SNR distribution ( )is given in [3, 4, 7 and 8] as
where

=

∫

( )

log

…(2)

C = capacity of channel in (bit/sec)
W= the channel bandwidth in [Hz]
= the optimal cutoff SNR, which is below this level no data is transmitted.
( ) = the probability distribution function (PDF) of the channel.
For NMF channel the probability distribution function (PDF) of the channel gain
given by [8]
where

( ) = 2( )

( )

exp −

,

≥0

Ω = ( ) , is the average fading power.
= the Nakagami fading parameter ( ≥ 1⁄2 ).
(. ) = is the gamma function.
The received SNR, , is then gamma distributed according to the PDF,
by[8]

( )=( )

( )

exp −

, ≥0

is

… (3)
( )is given

…(4)

Where
γ = the received SNR.
= the average received SNR.
The Nakagami fading represents a wide range of multipath channels via the m fading
parameter. The Rayleigh distribution (m=1) isa special case [8, 9].
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The complete derivation is given in Appendixes (A,B). The NMF channel capacity per
bandwidth ⁄ [bits/sec/Hz] under the variable power and the rate adaptation policy is
given by
( ,

= log ( ) ∑

!

)

…(5)

Variable rate – constant power
Shannon capacity of a fading with receiver Channel Side Information (CSI) for an
average power transmitter ̅ can be obtained from results [3, 4, 9and 10] as

1.1

=∫

log (1 + )

( )

The complete derivation is given in Appendix (C). ⁄
constant powercan bewritten as
1.2

= log ( )

⁄

∑

( )

…(6)

[bits/sec/Hz] for Variable rate –

− ,

…(7)

Fixed rate-Variable power
In this case the received power is maintainedconstant and the transmitted power of
the transmitter is varied. The channel capacity when the transmitter adapts its power to
maintain a constant SNR at the receiver (by using the channel inversion or equalizer) is
also investigated in [7, 8, 10, 11 and 13]. The channel after using ideal channel inversion
or equalizer appears as a time-invariant AWGN channel. The channel capacity with this
technique ( [bits/sec]) derives from the capacity of an AWGN channel and is given by

=

log (1 +

( )

∫

)

… (8)

Another approach is to use a modified inversion policy which inverts the channel
fading only above a fixed cutoff fade depth . The capacity with this truncated channel
inversion and fixed rate policy ( [bits/sec]) is givenby [7,12]

=

log (1 +

∫

( )

) (1 −

)

… (9)

where
is given by equation (4) in Appendix B. The cutoff level can be selected
to achieve a specified outage probability.
By substituting the SNR distribution equation (4) from equation (8) it is found that the
capacity per bandwidth of an NMF channel with total channel inversion, / , is given
for all ≥ 1by

= log (1 +

̅)

… (10)

Thus the capacity of a Rayleigh fading channel ( = 1) is zero in this case. It should
be noted that the capacity of this policy for an NMF channel is the same as the capacity
̅.
of an AWGN channel with equivalent
=
With truncated channel inversion the capacity per bandwidth ⁄ [bits/sec/Hz] can be
expressed in terms of ̅ and . Substituting equation (4) intothe equation (9), yields
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( )

),

≥1

For the special case of the Rayleigh fading channel (
bandwidth with truncated channel inversion reduces to

= log (1 +

⁄

)

⁄ )

(

… (11)

= 1), the capacity per unit

… (12)

Analysis of Spectral Efficiency
Let S(γ) denote the transmit power adaptation policy relative to an instantaneous
value of γ, subject to the average power constraint

∫ ( ) ( )

̅

≤

The capacity of a fading channel with bandwidth B and average power ̅ is

=

log

̅∫

( )∫ ( ) ( )

1+

( )
̅

( )

…(13)

… (14)

The power adaptation which maximizes is given by [3, 4, 9,10]
( )
̅

=

0,

− ,

≥

…(15)

<

Substituting equation (15) into equation (13), it is seen that
numerically solving

( )

−

∫

=1

is determined by

… (16)

For some (γ) distributions, a closed-form expression for may be found. Once is
known as in equation (2)
The maximum spectral efficiency can be obtained by dividing both sides of the
equation (2) by the channel bandwidth B.
It is noted that for a constant transmit power ( ) = ̅ , the capacity of the equation
(14) reduces to equation (6)
Spectral efficiency is maximizeby using optimal power control equation (15) which
achieves capacity [4, 9]:
( )
̅

=

−

,

0,

≥

<

where / is optimized cutoff fade depth and

=

(

.

)

/

/

… (17)

… (18)

If one defines = / and substitutes equation (17) into equation (2), the maximum
spectral efficiency is obtained
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( )

= ∫ log

…(19)

Analysis of Probability of Outage
Outage Probability (
) is defined as the probability that the instantaneous error
probability exceeds a specified value. Outage probability is given by, [7]

( )

=∫

…(20)

where
= the “cutoff” value.
If the received signal power is below this level, then no power is allocated to data
transmission, so the outage probability for this policy is p ( < ) [7] and ( ) is the
probability density function (PDF) [7, 9]. In Rayleigh fading the outage probability
becomes [1]:

=∫

⁄

=1−

(

)

⁄

… (21)

Inverting this formula shows that for a given outage probability, the required average
SNR( ) is

=

… (22)

Since no data are sent when the receiver SNR falls below , theMQAM scheme suffers
an outage probability,

where

=[

(2

=∫

)] ,

( )

=1−

( ,

( )

)

… (23)

is equal to target BER.

Results and Discussion
Fig (2) shows the channel capacity versus the SNR for differentWiMAX system
bandwidths (BW=1, 1.25, 5, 10, 15, 20 MHz) in the presence of AWGN, by using the
equation (1). Results show that when the bandwidthincrease, the capacity of channel will
be increased.
Figs (3, 4 and 5) show the channel capacity versus the SNR for different bandwidths
(BW=1, 1.25, 5, 10, 15, 20 MHz) by using equation (5) for NMF channel m=1(Rayleigh
channel), m=2 and m=3. If m is increased, then the effect of the fading channel increase.
Figs (6, 7 and 8) show the channel capacity versus the SNR for different bandwidths
(BW=1, 1.25, 5, 10, 15, 20 MHz) by using equation (7) in Variable rate-Constant power
technique with NMF channel m=1, m=2 and m=3. Results show higher capacity is
obtainedin the presence of Nakagami fading (m=3).
Figs (9, 10 and 11) show the channel capacity versus the SNR for different
bandwidths (BW=1, 1.25, 5, 10, 15, 20 MHz) by using equation (11) in Truncated
channel inversion technique with NMF channel m=1, m=2 and m=3. Results show
minimum capacity is obtained in the presence of Rayleigh fading .
Figs (12 and 13) show the channel capacity versus the SNR for different bandwidths
(BW=1, 1.25, 5, 10, 15, 20 MHz) by usingequation (10) in Total channel inversion
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technique with NMF channel m=2 and m=3.For m=1, the channel capacity is equal to
zero. The minimum capacity is obtained in this case.
Fig (14) shows the spectral efficiency of adaptive MQAM for Variable rate-Variable
power) versus the SNR in the presence of Rayleigh fading for
= 10 , 10 &10
by using equation (19).
Figs (15 & 16) show the spectral efficiency of adaptive MQAM for Variable rateVariable power versus the SNR in the presence of Nakagami fading m=2 & m=3 for
= 10 , 10 &10 by using equation (19).Figs (13, 14 and 15) show the highest
spectral efficiency is obtained in the precened of Nakagami fading.
Fig (17) shows the spectral efficiency of adaptive MQAM for Variable rate-Constant
power versus the SNR in the presence of different types of fading by using equation (6).
Figs (18, 19 and 20) show the outage probability versus the SNR for Rayleigh fading
and Nakagami fading by using equation (21). Resultsshow the probability of outage
increases when Nakagami fading parameter(m) increases.
CONCLUSION
The following points represent the main conclusions drawn from this paper:1. The use of adaptive modulation allows a wireless system to choose higher order
modulation depending on the SNR. Different order modulations allow sending more bits
per symbol and achieving higher data rate and better spectral efficiency.
2. Adaptive modulation is suggested forWiMAX to enhance the capacity ofWiMAX.
3. The higher capacity is obtained in the presence of Variable rate- Variable power
technique.
4. The capacity of NMF channels is always smaller than the capacity of an AWGN
channel.
5. The different techniques of adaptive modulation have not changed the large value of
capacity when the type of techniqueis change.
6. The highest spectral efficiency is obtained in the presence of Nakagami fading. The
optimal spectral efficiency is obtained by using Shannon capacity.
7. The minimum outage is achieved in the presence of Nakagamifadingand whenit
increases,the Nakagami fading parameter (m) decreases. The probability of outage as
well as the higher BER (Bit Error Rate) give a higher probability of outage.
REFERENCE
[1] G. S.Radhaand G. Radhomani “A Wireless Technology Revolution”,Auerbach
Publications, 2008
[2] N. T.Awon, Md. M.Rahman, Md. A. Islam &A. Z. Tuhidul Islam “Effect of AWGN
& Fading (Rayleigh &Rician) channels on BER performance of A WiMAX
communication System”, (IJCSIS), Vol. 10, No, 8. August 2012.
[3] A. J. Goldsmith,”Wireless Communication,” Stanford University, Andrea Goldsmith
Publishers, 2004.
[4] A. J. Goldsmith, “Variable-rate variable-power M-QAM for fading channels,” IEEE
Trans. Communication, vol. 45, pp. 1218-1230, Oct.1997.

2255

Eng. & Tech. Journal ,Vol.32, Part (A), No.9, 2014

Analysis of the Capacity, Spectral Efficiency
and Probability of Outage of Adaptive Mobile
Channel for WiMAX System

[5] S. T. Chung and A. J. Goldsmith, “Degrees of Freedom in Adaptive Modulation: A
Unified View,” IEEE Transaction on Communication, Vol.49, No.9, September 2001.
[6] A. Aguiar, H. Karl, A. Wolisz& H. Miesmer, “A Framework for Evaluation Effect of
Channel Prediction Inaccuracy on the Performance of Channel Adaptive Techniques,”
Intentional Conference on Wireless Network-ICW NO.3, June 2003.
[8] A. J. Goldsmith and P. Varaiya, “Capacity of Fading Channel with Channel Side
Information,” IEEE Trans. on Information Theory, Vol. IT-43, pp. 1896-1992, 1997.
[9] A. J. Goldsmith & Mohamed-Slim, “Adaptive Modulation over Nakagmi Fading
Channel,” Wireless Personal Communications 13: 119-143, 2000.
[10] P. M. Shankar, “Error Rate in Generalized Shadowed Fading Channels,” Wireless
Personal Communications 28: 233-238, 2004.
[11] A. J. Goldsmith, “Design and performance of high-speed communication systems in
time-varying radio channels,” Ph.D. dissertation, Dept. Elec. Eng. Computer. Science,
Univ. California, Berkeley, 1994.
[12] Y. T. S. “Performance Analysis of Adaptive Transmission Aided by Long Range
Channel Prediction for Realistic Single and Multi-Carrier Mobile Radio Channels,” Ph.
D. thesis, Dept. of Electrical Engineering, North Carolina State University, Raleigh 2004.
[13] C. G. Gunther, “Comment on Estimate of Channel Capacity in Rayleigh Fading
Environment,” IEEE Trans, Vehicular Technology, Vol. VT-45, pp. 401-403, 1996.
[14] M. S. Alouini& A. J. Goldsmith, “Capacity of Rayleigh Fading Channel Under
Different Adaptive Transmission and Diversity-Combining Techniques,” IEEE
Transactions, Vehicular Technology, Vol. 48, No. 4, July, 1999.
[15] W. H. Press, B. P. Flannery, S. A. Teukolsky& W. T. Vetterling, “Numerical
Recipes,” University of Cambridge, New York, 1988.
[16] I. S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products,
Academic Press: San Diego, CA, fifth edn., 1994.
[17] Y. A. Brychkov, “ Handbook of Special FunctionsDerivatives, Integrals, Seriesand
Other Formulas,” Computing Center of the Russian, Academy of Sciences, 2008.

Figure (2) Channel capacity versus average received (S/N) of WiMax system in the
presence AWGN.
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Figure (3) Channel capacity versus average received (S/N) for WiMax system with
Variable- rate & Variable power in the presence of Rayleigh fading.

Figure (4) Channel capacity versus average received (S/N) for WiMax system with
Variable- rate & Variable power in the presence of Nakagami fading (m=2).

Figure (5) Channel capacity versus average received (S/N) for WiMax system with
Variable- rate & Variable power in the presence of Nakagami fading (m=3).
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Figure (6) Channel capacity versus average received (S/N) for WiMax system with
Variable- rate & Constant power in the presence of Rayleigh fading.

Figure (7) Channel capacity versus average received (S/N) for WiMax system with
Variable- rate & Constant power in the presence of Nakagami fading (m=2).

Figure (8) Channel capacity versus average received (S/N) for WiMax system with
Variable- rate & Constant power in the presence of Nakagami fading (m=3).
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Figure (9) Channel capacity versus average received (S/N) for WiMax system with
Truncated channel Inversion in the presence of Rayleigh fading (m=1).

Figure (10) Channel capacity versus average received (S/N) for WiMax system with
Truncated channel Inversion in the presence of Nakagami fading channel (m=2).

Figure (11) Channel capacity versus average received (S/N) for WiMax system with
Truncated channel Inversion in the presence of Nakagami fading channel (m=3).
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Figure (12) Channel capacity versus average received (S/N) for WiMax system with
Total channel Inversion in the presence of Nakagami fading (m=2).

Figure (13) Channel capacity versus average received (S/N) for WiMax system with
Total channel Inversion in the presence of Nakagami fading (m=3).

Figure (14) Spectral efficiency of Adaptive MQAM (Variable-rate Variable-power)
in the presence of Rayleigh fading for =
,
&
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Gamma function and Incomplete Gamma function
A.1 Gamma function
In mathematics, the gamma function (represented by the capital Greek letter Γ) is an
extension of the factorial function, with its argument shift down by 1, to real and complex
numbers. That is if n is a positive integer [15]:
( ) = ( − 1)!
(A.1)
The gamma function is defined for all complex numbers expcet the non-positive integers.
For complex numbers with positive real part, it is defined via an improper integral that
converges:

( )=∫

(A.2)

The integral function is extended by analytic continuation to all complex numbers except
the non-positive integers (where the function has simple poles), yielding the
meromorphic function called the gamma function. The gamma function can be defined
for negative value of the argument n by using the formula [16, 17]
(

( )=

)

(A.3)

Because the Gamma and factorial functions grow so rapidly for moderately large
arguments, many computing environments include a function that returns the natural
logarithm of the gamma function (often given the name lngamma in programming
environments or gammaln in spreadsheets); this grows much more slowly, and for
combinatorial calculations allows adding and subtracting logs instead of multiplying and
dividing very large values.
Important Properties[16, 17]
1) ( + 1) = ( )
2) ( ) (1 − ) = ⁄sin
( )
(duplication formula)
3) 2
+ = √ (2 )
4)

( )

+

⁄

2
Special Value
1)
=√

2)
3)

−

+

+

(

)⁄

=

. . ….(

=

(

+

…….

(

)

)

)

= 1,2,3, ….

=

= 1,2,3, … …

√
)

. . …(

+

= 1,2,3, … …

√

Incomplete Gamma Function
(. , . )is the complementary incomplete gamma function. The complementary
incomplete gamma function is defined as

( , )≡

It has the limiting values

( , )
( )

≡

( , 0) = 0

( )

∫
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The incomplete gamma function ( , ) is monotonic and (for a greater than one or so)
rises from “near-zero” to “near-unity” in a range of centered about ( − 1) , and width
about √ .
The complement of ( , ) is also confusingly called an incomplete gamma function
[17],

( , )≡ 1− ( , )≡

It has the limiting values

( , )
( )

( , 0) = 1

Special Values [15, 16, 17]

≡

( )

∫

( , ∞)

∑
1) ( , ) = ( − 1)!
If s is a positive integer,
!
2) ( , 0) = ( ), ℜ( ) > 0,
3) (1, ) =
,
,
4) (1 − ) = 1 −
5) (0, ) = − (− )
>0,
(
)
(
),
6)
, =
, =√
7)
√ ,

8)
9)

,

=√

(− + , ) =

0,1, … . . ].

√

( )
(
)!

,

[ (0, ) −

∑

(A.6)

(−1)

(A.7)

!

] [ −

≥ 1,

=

Appendix (B)
The Deviation the Capacity of Variable rate- Variable power
In this Appendix deviation of the capacityof Variable rate- Variable power is given
[3, 4, 8]s
( )isgiven by[8]

=

∫

( )

log

( )=( )

( )

exp −

(B.1)
, ≥0

(B.2)

The optimal cutoff ( )can be evaluated by the following equation

∫

( − )

( )

=1

(B.3)

Note that this expression depends only on the distribution (γ). The value for cannot be
solved for in closed form typical continuous pdf (γ) and thus must be found numerically
[11]. Since no data are sentwhen < , the optimal policy suffers a probability of
outage
, equal to the probability of no transmission, given by [8]

=∫

( )

Substituting equation (B.2) in equation (B.3) yields

∫

−

( )
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( )

exp (−

)

( )
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(B.5)
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where (. , . ) = the complementary incomplete gamma function.
Using the properties of incomplete gamma function in Appendix (A)) and let

−

∫

( )

By arrangement equation (B.6) becomes
−

∫

( , )=∫

=1

( )

exp −

From Appendix (A), equation (B.8) becomes

−

=1

exp –

( , )
( )

=1

=

(B.6)

(B.7)
(B.8)
(B.9)

By arrangement of the equation and using the properties of the complement incomplete
gamma function equation (B.9) becomes
( ,

)

−

= ̅ ( )

− 1,

(B.10)

In a special case of the Rayleigh fading channel (m=1), (B.10) reduces to
where

⁄

⁄

−

= ̅

(B.11)

( . ) = the exponential integral of first order defined by [13].

=∫

;

≥ 0.

Substituting equation (B.2) into equation (B.1) given

Let the integral
Let n = m,

=−

=

be

∫

log

( )=∫

( )

( )

ln( )

exp −

and t = γ, equation (B.13) becomes

−

ln( )

=∫

(

(B.12)
(B.13)

;

)

>0

(B.14)

(B.15)

Equation (B.15) is substitutedin equation (B.13), the channel capacity can re-writtenas

=

( )

( )

(B.16)

The evaluation of
for a positive integer is derived in [13].
Using that result one can obtain the NMF channel capacity per bandwidth
⁄ [bits/sec/Hz] under the optimal power and the rate adaptation policy is given by
This can also be written as [8]
where

= log ( ) ∑

= log ( ) ( (

( ,

)

!

⁄ ̅) + ∑

(. )denotes the Poisson distribution defined by,

( )=

2265

∑

!

(B.17)

(
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For the special case of the Rayleigh fading channel, using equation (B.12) in equation
(B.17) for = 1, the optimal capacity per unit bandwidth reduces to the simple
expression

= log ( )

⁄

⁄

(B.20)

Using equation (B.3) in the probability of the outage equation (B.4) yields
( ,

=1−

( )

⁄ )

=1−

(

⁄ ̅)

(B.21)

Appendix (C)
The Deviation of the Capacity of Variable rate- constant power
Shannon capacity of a fading with receiver CSI (Channel Side Information) for an
average power transmitter ̅ is given as
( )isgiven by [8]

=∫

( )=( )

log (1 + ) ( )

( )

exp −

, ≥0

(C.1)

(C.2)

Note that this formula is a probabilistic average, i.e. Shannon capacity is equal to
Shannon capacity for an AWGN channel with SNR γ, averaged over the distribution of γ.
That is why Shannon capacity is also called ergodic capacity [3]. The Shannon capacity
of a channel defines its theoretical upper bound for the maximum rate of data
transmission at an arbitrarily small BER, without any delay or complexity constraints.
Therefore, the Shannon capacity represents an optimistic bound for practical
communication schemes, and also severs as a benchmark against which to compare the
spectral efficiency of all practical adaptive transmission schemes [15].
In fact, equation(C.1) represents the capacity of the fading channel without transmitter
feedback (i.e. with the channel fade level known at the receiver only) [8].
Substituting equation (C.2) in equation (C.1) yields

=

∫ log (1 + )( )

=( )

( )

( )

∫ ln(1 + )

Defining the integral ℓ ( ) [10] as
Let

=

( )

ℓ ( )=∫

exp −

ln(1 + )

exp −

= , and substitute equation (5) become

and

ℓ ( )=∫

From [8]

ℓ

=(

− 1)

ln(1 + )
∑

Substituting equation (C.7) in equation (C.6) results in
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(C.3)
(C.4)
(C.5)

( )

(C.6)

,

(C.7)
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− 1)!

∑

By the arrangementof equation (C.8), one can rewrite ⁄

= log ( )

⁄

∑

(

( )

, )

(C.8)

[bits/sec/Hz] to become

− ,

(C.9)

One may also express equation (C.9) in term of the Poisson distribution as [13] resulting
in

= log ( )(

(− ⁄ ̅ )

( ⁄ ̅) + ∑

( ⁄ )

(

⁄ )

(C.10)

For the special case of Rayleigh fading channel (m=1), equation (C.10) reduces to

= log ( )

⁄
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(1⁄ ̅ )

(C.11)

